This theoretical work demonstrates that as many as thirty two new shear-
horizontal (SH) acoustic waves can propagate in the piezoelectromagnetic
transversely isotropic (class 6 mm) plates. These theoretical investigations
relate to the homogeneous boundary conditions when the same set of the
mechanical, electrical, and magnetic boundary conditions are applied to
the upper and lower free surfaces of the piezoelectromagnetic plate.
These new dispersive SH-waves propagating in the piezoelectromagnetic
plate can have an infinite number of modes when the phase velocity Vph is
larger than the speed Viem of the bulk acoustic SH-wave in the plate. For
Vph < Vtem, the new dispersive SH-waves can have the corresponding
fundamental (zero-order) modes. It is apparent that knowledge of plate
wave properties can be also beneficial to design of smart devices, biological
and chemical sensors, filters, resonators, actuators, etc., and useful for the
aerospace industry which calls for innovative smart (composite) materials.
Also, it can represent an interest in constitution of piezoelectromagnetic
laminate (composite) plates in the microwave technology and
nondestructive testing and evaluation.
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PREFACE

This theoretical work demonstrates that as many as thirty two new shear-horizontal
(SH) acoustic waves can propagate in the piezoelectromagnetic transversely isotropic
(class 6 mm) plates. These theoretical investigations relate to the homogeneous
boundary conditions when the same set of the mechanical, electrical, and magnetic
boundary conditions are applied to the upper and lower free surfaces of the
piezoelectromagnetic plate. These new dispersive SH-waves propagating in the
piezoelectromagnetic plate can have an infinite number of modes when the phase
velocity V), is larger than the speed V., of the bulk acoustic SH-wave in the plate.
For V,, < Viem, the new dispersive SH-waves can have the corresponding fundamental
(zero-order) modes. It is apparent that knowledge of plate wave properties can be also
beneficial to design of smart devices, biological and chemical sensors, filters,
resonators, actuators, etc., and useful for the aerospace industry which calls for
innovative smart (composite) materials. Also, it can represent an interest in
constitution of piezoelectromagnetic laminate (composite) plates in the microwave

technology and nondestructive testing and evaluation.

PACS: 51.40.+p, 62.65.+k, 68.35.Gy, 68.35.Iv, 68.60.Bs, 74.25.Ld, 74.25.Ha,
75.20.En, 75.80.+q, 81.70.Cv



COMMENTS BY THE AUTHOR

This activity in the research arena of theoretical physical acoustics was
performed for the International Institute of Zakharenko Waves (IIZWs). It is obvious
that this work can represent a great interest for researchers and students dealing with
the theoretical and experimental researches concerning the acoustic wave propagation
in the piezoelectromagnetic plates and various applications in the biological and
chemical sensors, filters, actuators, resonators, smart materials and technical devices,
labs-on-a-chips, etc. This research field is based on more than 40 years of
technological and scientific developments. In the last two decades, the surface
generated acoustic wave (SGAW) technology for sensing applications has been
attracting the attention of the biochemical scientific community. In fact, some of the
SGAW technical devices have demonstrated a high sensitivity in the detection of
biorelevant molecules in liquid media. These devices can be based on the following
wave phenomena: shear-horizontal surface acoustic wave (SH-SAW), surface
transverse wave (STW), Love wave (LW), flexural plate wave (FPW), shear-
horizontal acoustic plate mode (SH-APM) and layered guided acoustic plate mode
(LG-APM). All these developments have been made with the purpose of reaching a
highly sensitive, low cost, small size, multi-channel, portable, reliable, and
commercially established SGAW biosensor. A setup with these features can
significantly contribute to future developments in the food, health, and environmental
industries. It is thought that new two-phase (composite) materials such as
piezoelectromagnetics, also called magneto-electro-elastic materials, can significantly
contribute because they can be suitable for utilization in smart technical devices.

This theoretical work relates to the shear-horizontal acoustic plate mode (SH-
APM) technologies, namely the propagation problems of the new SH-waves in
transversely isotropic (class 6 mm) piezoelectromagnetic plates. It is well-known that
these waves are dispersive and an infinite number of dispersive wave modes can
exist. It is apparent that knowledge of plate wave properties can be also beneficial to

design of smart devices, biochemisensors, filters, resonators, actuators, etc. Also, it
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can represent an interest in constitution of piezoelectromagnetic laminate composite
plates in the microwave technology and nondestructive testing of the composites.
This theoretical research can be also useful for the aerospace industry which calls for
innovative smart composite materials. Therefore, it is very important to completely
understand wave properties of piezoelectromagnetic plates. This studying subject
relates to the disciplines of applied physics and electromagnetic engineering. In
physics, ordinary elastic motions in crystals are called acoustic modes. The
descriptive term “acoustic” is used rather than “elastic”. This is useful because it
allows one to distinguish acoustic and optical modes from each other. The optical
modes involve internal degrees of freedom within a crystal unit cell. The term
”acoustic” also reflects common terminology among researchers and engineers
engaged in developing elastic wave devices for radar and communication systems.
This arena of technological development has been strongly influenced by the
philosophy, concepts, and techniques of microwave electromagnetics. This is also
known as microwave acoustics. Consequently, employment of the term "acoustic"
accurately describes the aim and scope of the book.

The International Institute of Zakharenko Waves (IIZWs) was recently created to
support researches on different Zakharenko waves, as well as for monitoring the
nondispersive Zakharenko type waves in complex systems such as layered and
quantum systems. Also, the IIZWs research is focused on treatments of many
complex systems in which dispersive waves can propagate. The well-known
examples of dispersive waves are Love and Lamb type waves. The Rayleigh and
Bleustein-Gulyaev type waves propagating in layered systems can be also dispersive.
The International Institute of Zakharenko Waves also has an interest in different
applications of the acoustic waves for signal processing (filters, sensors, etc.) and the
structural health monitoring. There are currently by about thirty research papers and
five books relevant to the [IZWs. These research works also cover some problems of
the propagation of the well-known Love, Lamb, Rayleigh, and Bleustein-Gulyaev

type waves and discovered new wave phenomena.



It is worth noticing that the IIZWs possessively takes all the planets and smaller
natural space bodies in the space outside the Solar System to develop both the [IZWs
and the planets concerning economics, ecology, and population. Also, it is thought
that this is necessary in order to exclude any sale of the planets and their surfaces by
any human or other. This activity of the [IZWs was also created because of some
problems to find a spot for the IIZWs on Earth. Note that the single person, namely
Mr. Dennis Hope from the United States possesses the planets in the Solar System
(but Earth) who sells surfaces of the planets to individuals. It is obvious that the
monetary experiment on Earth during thousand years demonstrated a weak power of
the financial system to avoid financial problems which cyclically happen. As a result,
the following question presents in the air: what is the modern money? It is obvious
that monetary systems are coupled only with humans who have given power to each
other, but not with any space body such as a planet or star. It is apparent that humans
depend on money, but not planets and stars. Indeed, planets and stars are leaving their
own lifetimes and their ways of life do not depend on human activities measured in
money. Therefore, money can exist only together with the human civilizations. It is
not clear that the other civilizations can evaluate their activities in the same way
similar to the human civilization does on Earth. Nothing is soundly known about that.
It is also noted that only several thousand planets orbiting their own stars can be
currently observed in the Star Systems which are situated relatively near the Solar
System. This does not mean that only several thousand planets can exist outside the
Solar System we can observe. It is expected that in average by about ten planets can
orbit each star of enormous number of Star Systems in our Universe. It is thought that

999
0

our Universe can accumulate more than 1 stars.

Aleksey Anatolievich Zakharenko
Krasnoyarsk, Russia, 2012

(E-mail: aazaaz@inbox.ru)
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INTRODUCTION

Elastic wave propagation in isotropic plates (thin elastic films) was first studied
as early as in 1917 by H. Lamb [1]. The revealed features of the plate acoustic waves,
also known as the Lamb waves, are as follows: (i) the Lamb waves possess an infinite
number of both the symmetric and asymmetric dispersive modes, (ii) the Lamb waves
have one symmetric fundamental mode and one asymmetric fundamental mode and
the fundamental modes are also called the zero-order modes, (iii) the Lamb waves
similar to the surface Rayleigh wave [2] have the polarization in the sagittal plane,
namely the in-plane polarization. The nondispersive Rayleigh wave discovered in
1885 by Lord Rayleigh (J.W. Strutt [2]) represents the first type of known surface
waves guided by the free surface of isotropic materials. However, the surface
Rayleigh type waves like the Lamb waves can be dispersive and possess an enormous
number of modes, of which the first is also called the fundamental mode. This occurs
in layered systems consisting of a layer on a substrate. It is interesting that the
fundamental dispersive mode of the surface Rayleigh type waves and the ones of the
Lamb type waves can possess the nondispersive Zakharenko waves [3, 4, 5] which
divide the modes into dispersive submodes. Also, the reader can find some works
which demonstrate possible existence of the other surface-like waves with the in-
plane polarization, for instance, see the theoretical work cited in Ref. [6].

The second type of the surface acoustic waves was discovered in 1911 by
A.E.H. Love [6] who has treated a two-layer structure consisting of an isotropic layer
on an isotropic substrate. The dispersive Love waves have the anti-plane polarization
(perpendicular to the sagittal plane) and can also possess an infinite number of
dispersive modes with no fundamental mode for the isotropic case. There is the
existence condition for the dispersive surface Love wave such that the speed of the
shear-horizontal bulk acoustic wave (SH-BAW) for the substrate must be higher than
that for the layer. It is worth noting that the phase velocity (V) of the Love wave is
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confined between these two SH-BAWSs for the layer and substrate. In addition to the
dispersive Love waves, the slow surface Zakharenko waves [8, 9] can propagate in
such layered systems. Two different types of the slow surface Zakharenko waves
(SSZWs) can exist and they possess only single dispersive mode with the anti-plane
polarization. The SSZW phase velocity cannot be larger than the slower SH-BAW
speed of two media and becomes equal to zero at nonzero value of kd, where £ is the
wavenumber in the direction of wave propagation and d is the layer thickness. For
one type of the SSZW, the surface wave can exist even when SH-BAW speed for the
substrate is smaller than that for the layer and the single dispersive mode can
qualitatively look like the asymmetric (flexural) fundamental mode of the Lamb
waves [8].

It is necessary to state that the anti-plane polarized surface acoustic waves can
be nondispersive. To the end of 1960s, two researchers, Bleustein [10] and Gulyaev
[11], have theoretically demonstrated independently from each other that a new type
of nondispersive surface acoustic waves can propagate in hexagonal (6 mm)
piezoelectrics, also known as electro-elastic materials. The nondispersive surface
Bleustein-Gulyaev (BG) wave can be guided by the free surface of the transversely
isotropic material of class 6 mm when the propagation direction is perpendicular to
both the sixfold symmetry axis and the surface normal. There exist two surface BG-
waves which satisfy different electrical boundary conditions: the slower BG-wave for
the electrically closed free surface when the electrical potential is vanishing (¢ = 0)
and the faster BG-wave for the electrically open surface when the normal component
of the electrical displacements is vanishing (D; = 0). These two surface BG-waves
can also exist in the transversely isotropic piezomagnetics, also known as the
magneto-elastic materials: the slower BG-wave for the magnetically open surface
when the magnetic potential is vanishing (y = 0) and the faster BG-wave for the
magnetically closed surface when the normal component of the magnetic flux is
vanishing (B; = 0).

Also, Gulyaev and Hickernell [12] have stated that the surface BG-waves cannot

propagate in the cubic piezoelectrics. This means that they cannot also propagate in
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the cubic piezomagnetics. However, this is not true. The slower BG-wave can exist in
propagation direction <101> of the cubic piezoelectrics and cubic piezomagnetics,
but the faster BG-wave cannot propagate, for example, see Refs. [13, 14, 15]. Also,
the existence condition for the surface BG-waves such as the propagation direction
should be perpendicular to an evenfold symmetry axis (twofold, fourfold, or sixfold)
is not true for the cubic materials. For instance, for all the suitable cuts from direction
<100> (Z-cut) to direction <001> (X-cut) in which the acoustic wave can be coupled
with the electrical potential in the cubic piezoelectrics or with the magnetic potential
in the cubic piezomagnetics, only direction <101> (XZ-cut) can support the
propagation of the shear-horizontal surface acoustic waves (SH-SAWs). Indeed,
direction <101> can brace the propagation of the slower BG-wave and the ultrasonic
surface Zakharenko wave (USZW) because the faster BG-wave cannot propagate in
the cubic media. Also, Refs. [13, 14, 15] have solidly demonstrated that the value of
the corresponding coupling coefficient (CEMC or CMMC) can influence on the
USZW speed in such way that the cubic crystals can be even divided into two groups.
The first group is for the cubic crystals with the CEMC (CMMC) < 1/3 and the
second group is for the ones with the CEMC (CMMC) > 1/3, where CEMC is the
coefficient of the electromechanical coupling and the CMMC is the coefficient of the
magnetomechanical coupling. It is noticed that this gradation is absent for the
transversely isotropic materials.

This work is concerned with the acoustic wave propagation with the anti-plane
polarization in the two-phase transversely isotropic plates which can simultaneously
possess the piezoelectric, piezomagnetic, and magnetoelectric effects. These two-
phase materials can be composite materials consisting of the piezoelectric phase and
the piezomagnetic phase, as well as native materials possessing these two phases. The
problems of acoustic wave propagation in the single-phase materials (crystals) such
as piezoelectrics and piezomagnetics are studied already for a long while. Indeed, it is
useful first of all to be familiar with the wave propagation in the single-phase
materials and the reader can find much work on the subject. For instance, some

famous books are cited in Refs. [16-43]. The physical properties of crystals, tensor
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representations, and elasticity theory can be also found in famous classical books
cited in Refs. [44-55]. It is natural to treat the suitable high symmetry propagation
directions [37, 56] which can be also found in the two-phase transversely isotropic
plates (piezoelectromagnetic plates). The suitable propagation direction in the
transversely isotropic piezoelectromagnetic (PEM) plate shown in figure 1 is
perpendicular to both the surface normal and the sixfold symmetry axis. This is
similar to the transversely isotropic piezoelectric plates and the transversely isotropic
piezomagnetic plates. In the configuration shown in figure 1, the in-plane polarized
plate waves represent purely mechanical Lamb type waves and propagation of the
anti-plane polarized shear-horizontal (SH) waves in such plates can be coupled with
both the electrical and magnetic potentials. Indeed, it is useful to investigate the wave
propagation in the high symmetry directions because in this case only elastic waves
with one type of the polarizations mentioned above can be coupled with the
electromagnetic waves. Figure 2 shows both the asymmetrical (flexural) and

symmetrical modes of the guided Lamb waves.

Figure 1. The rectangular coordinate system for the transversely isotropic (6 mm)
plate of thickness D, where D = 2d and the wavevector K is directed along the x;-
axis. The sixfold symmetry axis and the wave polarization are directed along the x,-

axis.

It is obvious that like the single-phase materials such as piezoelectrics and
piezomagnetics, the two-phase piezoelectromagnetic (composite) materials can be

utilized in various technical devices such as filters, sensors, etc. There is also modern
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tendency to use suitable two-phase materials to create smart materials and even a
laboratory on a single chip in the lab-on-a-chip technology. It is apparent that the
application of the piezoelectromagnetic (composite) materials in many technical
smart devices can be preferable due to the energy exchange between the electrical
and magnetic subsystems via the mechanical subsystem. As a result, a lot of review
works cited in Refs. [57-99] can be found in the scientific literature about the various
investigations and applications of the two-phase (composite) materials possessing the
magnetoelectric  effect.  Concerning the wave  propagation in  the
piezoelectromagnetics, it is recommended for the reader to read recent books [100,
101, 102] on the subject. Books [100, 101] theoretically investigate the SH-SAW
propagation in the piezoelectromagnetics with the cubic symmetry and the hexagonal
(6 mm) symmetry, respectively. Book [102] published in 2012 has theoretically
discovered that twenty two different interfacial SH-waves can be guided by the
common interface between two dissimilar transversely isotropic (6 mm)
piezoelectromagnetics. Also, the reader can find the recent theoretical investigations
of the SH-SAWs and interfacial SH-wave propagation in the transversely isotropic
cases in Refs. [103-113] when the studied (composite) materials possess the
magnetoelectric effect. So, these investigations actually broaden the set of the
transversely isotropic materials which can be also used together with piezoelectrics
(piezomagnetics) or even instead of them. It is also necessary to mention the pioneer
works [114-137] on the foundation and investigations of the magnetoelectric
(composite) materials, of which Wood and Austin [136] have discussed the following
possible application of such materials, see also work [137]: magnetic-electric energy
converting components, solid state nonvolatile memory and solid state memories
based on spintronics, multi-state memory which can find application in quantum
computing area, electrical/optical polarization components which can find
applications in communication, light computing. It is also thought that one of the
multi-promising applications of the magnetoelectric materials can be their utilization
in biological and chemical sensing technologies. However, the most investigated

(therefore, most popular) materials for the sensing applications are piezoelectrics.
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Therefore, it is possible to concisely review various acoustic waves’ technical devices

which can use piezoelectrics for biological and chemical sensing applications.

D (a)

Figure 2. The illustration of (a) the plate of thickness D at the rest; (b) asymmetrical
(flexural) and (¢) symmetrical guided wave modes propagating through the entire

thickness of the plate.

Recent reviews [138-142] deal with acoustic wave sensors. Review work [138]
is based on more than 40 years of technological and scientific developments of the
surface generated acoustic wave (SGAW) technology for biosensing applications.
Various technical devices based on the shear-horizontal surface acoustic wave (SH-
SAW), surface transverse wave (STW), Love wave (LW), flexural plate wave (FPW),
shear-horizontal acoustic plate mode (SH-APM) and layered guided acoustic plate
mode (LG-APM) can represent the SGAW devices well-known in the biochemical
scientific community. For the last two decades, some of these devices have
demonstrated a high sensitivity in the detection of irrelevant molecules in liquid
media. During these decades, complementary efforts to improve the sensing films

have been done. Future developments of sensor technologies can allow realization of
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highly sensitive, low cost, small size, multi-channel, portable, reliable and
commercially established SGAW biosensors. A created setup with these features can
make a significant contribution to future developments in the health, food, and
environmental industries. The SGAW biosensors are also likely for the detection of
pathogens and this topic is extremely important for the human health. Several
commercially available SAW sensors are tabulated in Refs. [141, 142]. Today, these
sensors move beyond military and security applications and SAW devices are also
moving into the lab-on-a-chip arena [141]. The SAW sensors are competitively
priced, and some of them can be passively and wirelessly interrogated.

It is worth mentioning that depending on the method of signal transduction
[138], biosensors can be divided into four basic groups such as optical, mass,
electrochemical, and thermal. Acoustic wave biosensors represent mass sensors and
they operate with mechanical acoustic waves as their transduction mechanism.
Depending on the acoustic wave guiding process [143], acoustic wave devices can be
also classified into three following groups: BAW, SAW, and APM devices. In BAW
devices, the acoustic wave propagates unguided through the volume of the bulk
material (substrate). In SAW devices, the acoustic waves can be guided or unguided
and propagate along a single surface of the substrate. In APM devices, the acoustic
waves are guided by the reflection from multiple surfaces. Figure 3 shows the
configuration of the APM device that can be the SH-APM biosensor. The interdigital
transducers fabricated on the surface of the material generate the high-amplitude
acoustic wave that travels in the plate. Usually, the piezoelectric material is quartz,
but GaAs and LiTaO; substrates have also been used. The piezoelectric material
converts any possible changes into a measured frequency change, which can also be
described as the acoustic wave velocity. The APM device can be also based on the
Lamb waves known as the complex waves traveling through the entire plate.
Different families of the Lamb wave modes can be distinguished including
symmetrical modes (in-phase displacements of opposite plate surfaces) and
asymmetrical or flexural modes (anti-phase displacements of opposite plate surfaces)

as shown in figure 2.
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Output
IDTs

Figure 3. The configuration of the biosensor based on the shear-horizontal acoustic

plate mode (SH-APM). The plate SH-waves are generated by the input IDTs and
detected by the output IDTs.

The piezoelectric devices actually represent a cost-effective alternative to the
other popular transducers for biosensors such as the advanced optical approaches
[144]. Among piezoelectric biosensors, QCM-based applications have
comprehensively been reviewed [140]. Some approaches to the SGAW biosensors
based on STW [145, 146, 147], SH-APM [148-152], and LG-APM [153] devices
have been also reported. However, none of these approaches address the detection of
pathogens. Ref. [138] also presents that piezoelectric SGAW-based devices such as
SH-SAW, LW, and FPW biosensor transducers can be successfully applied to the
pathogen detection. The reader can also find some selected investigations of the
Lamb waves for different applications cited in Refs. [154-190].

Let’s return to the review of investigations of the magnetoelectroelastic
materials (piezoelectromagnetics). In the last decade, the reader can find that several
research groups have an interest in the investigations of the plate waves in the
piezoelectromagnetic materials. Recently published paper [191] used a meshless
method based on the local Petrov-Galerkin approach to solve static and dynamic
problems of two-layer piezoelectromagnetic composites (piezoelectric layer and
piezomagnetic layer) with specific properties. The authors of paper [191] have treated
various boundary conditions and geometric parameters to analyze their influence on

the value of the electromagnetic parameter and also analyzed the composites under a
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purely magnetic or combined magneto-mechanical load. They have found that the
magnetoelectric effect is dependent on the ratio of the layer thicknesses and also
considered functionally graded (FG) material properties of the piezoelectric layer and
homogeneous properties of the piezomagnetic layer.

The interest in the problems of the plate wave propagation in the functionally
graded two-phase plates [192-197] is growing because the FG materials have a
potential to reduce the stress concentration and to increase the fracture toughness.
Due to the complexity, plane elasticity problems involving cracks in the FG materials
are solved assuming a functional form for variations in material properties, usually a
linear or exponential function. It is well-known that the multifunctional materials
such as the piezoelectromagnetic composites are extensively used in the modern
technical devices, such as sensors, transducers, actuator components, etc. These
composites possessing piezoelectric, piezomagnetic, and magnetoelectric properties
are obviously sensitive to elastic, electric, and magnetic fields. Some composites can
be very brittle and susceptible to fracture that can restrict their employment.
Therefore, it is important to understand and to analyze the fracture characteristics of
the materials in order to obtain reliable service life predictions for pertinent devices.

Using the state space approach, Ref. [198] numerically studies the bulk wave
propagation in laminated piezomagnetic/piezoelectric plates with initial stresses and
imperfect interface when either electrically and magnetically open conditions or
shorted ones on the top and bottom surfaces are considered. The obtained numerical
results indicate that the initial compressive stress can reduce the phase velocity of the
wave propagating in a layered multiferroic structure. Also, the imperfect interface can
affect the frequency spectra much larger than initial stresses because imperfection can
lessen the structural stiffness. The authors of paper [199] have also investigated the
dispersion behavior of acoustic waves in multiferroic plates with imperfect interfacial
bonding via the method of reverberation-ray matrix, which is directly established
from the three-dimensional equations of magnetoelectroelasticity in the form of state
space formalism. They have employed a generalized spring-layer model to

characterize the interfacial imperfection and numerically calculated the dispersion
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curves and mode shapes for a typical sandwich piezoelectric/piezomagnetic plate.
Also, they have investigated the influence of different interfacial bonding conditions
on the dispersion characteristics and corresponding mode shapes and demonstrated
that the obtained results are unconditionally stable in comparison with the traditional
state space method.

A three-dimensional spectral element method (3D-SEM) was recently developed
in Ref. [200] for analysis of propagation of the Lamb waves in composite laminates
containing a delamination. Ref. [200] has stated that this method can be more
efficient in simulating wave propagation in structures than the conventional finite
element method (FEM) because of its unique diagonal form of the mass matrix.
Using 3D spectral finite elements, it is possible to simulate three types of composite
laminates such as unidirectional-ply laminates, cross-ply laminates, and angle-ply
laminates and to evaluate different interactions of the Lamb wave modes with
delamination. It has also demonstrated that the symmetric Lamb wave mode may be
insensitive to delamination at certain interfaces of laminates, while the asymmetric
mode can be suitable for identification of delamination in composite structures. The
other recently published paper [201] examines the effect of inclusion shapes,
inclusion contents, inclusion elastic constants, and plate thickness on the dispersion
relations and modes of wave propagation in inclusion-reinforced composite plates.
Ref. [201] has modeled the spheroid-like shapes of inclusions that enable the
composite reinforcement geometrical configurations ranging from sphere to short and
continuous fiber. This paper also used the Mori—Tanaka mean-field theory to predict
the effective elastic moduli of the composite plate which can elucidate the effect of
inclusion’s shape, stiffness, and volume fraction on the composite’s anisotropic
elastic behavior. Using the resulting moduli in the dynamic stiffness matrix method,
the authors of paper [201] can then determine the dispersion relations and the modal
patterns of the Lamb waves and also state that the inclusion contents, aspect ratios,
and plate thickness affect the propagation velocities, higher-order mode cutoff

frequencies, and modal patterns.
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Considering the significant nonlinear magnetoelectric (ME) characteristics in
laminated composites, the authors of paper [202] have built a numerical model of
magnetic-mechanical-electric coupling effect based on the nonlinear magnetostrictive
constitutive relation. The change of the ME field coefficients with bias magnetic field
predicted by their model can demonstrate a good agreement with the experimental
results. This paper also predicts the magnetoelectric conversion characteristics of the
composites, calculates and analyzes the influence of the magnetostrictive layer
thickness ratio, composite geometrical size, saturation magnetization, and types of
piezoelectric materials on the ME conversion coefficient of such composites. Report
[203] has discussed a novel frequency multiplier based on the (ME) effect in a simple
multiferroic laminate, made up of an amorphous Metglas (FeBSiC) layer bonded onto
a Pb(Zr,Ti)O; plate wrapped with a coil. This report has demonstrated that by
applying an input signal with a certain frequency to the coil, an output signal with the
doubled value of the frequency can be generated from the PZT plate due to the ME
coupling. It also states that this ME laminate-based device can be operated in a broad
frequency range and switched by a low bias magnetic field, offering potential
opportunities for frequency multipliers in electrical applications. Ref. [204] has
investigated elastic wave propagation in two-layer piezoelectric/piezomagnetic plate
when the layers are transversely isotropic and perfectly bonded along the interface. In
work [204], the upper and lower surfaces of the plate are traction-free but subjected
to four types of the electric and magnetic boundary conditions. Utilizing these
conditions, the dispersion equations are given in matrix form. This paper has also
provided numerical examples for four kinds of the plates composed of piezomagnetic
CoFe,0, and piezoelectric BaTiO;, PZT-5A, PZT-2, and PZT-4. It also discussed the
influences of the boundary conditions, thickness ratio, and piezoelectric material
properties on dispersion characteristics and stated that the results can be helpful for
the applications of piezoelectric/piezomagnetic composites or structures in acoustic
wave and microwave devices.

Based on the 3D linear elastic equations and magnetoelectroelastic (MEE)

constitutive relations, propagation of the Lamb waves in an infinite MEE plate is
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investigated in Ref. [205] for both electrically and magnetically open and shorted
cases. The mechanical, electrical, and magnetic responses of the symmetric and
antisymmetric fundamental modes are also discussed in Ref. [205] which has
obtained results valuable for the analysis and design of broadband ME transducer
using composites. Exploiting the finite-element method, the ME coupling effect in a
bi-layered magnetostrictive-piezoelectric (Tby 3Dy 7Fe|9-PbZrj5,Tig4s03) composite
structure is numerically simulated in Ref. [206]. This paper has used the numerical
algorithm based on a synchronization of the mechanical coupling and resonance
between the two layers along the bonding interface. It has also concluded that a
significant enhancement of the magnetoelectric effect by optimizing the thicknesses
of the two layers is possible.

In paper [207], the anti-plane problem for an interfacial crack between two
dissimilar magnetoelectroelastic plates subjected to anti-plane mechanical and in-
plane magneto-electrical impact loadings is investigated. Paper [207] adopts four
cases of crack surface conditions: magneto-electrically impermeable, magnetically
impermeable and electrically permeable, magnetically permeable and electrically
impermeable, magneto-electrically permeable. For the first three cases, the effects of
loading combination parameters on dynamic energy release rate were demonstrated.
Since the magneto-electrically permeable condition is perhaps more physically
reasonable for type III crack, the effect of the crack configuration on the dynamic
fracture behavior of the crack tips is also studied in Ref. [207] for the fourth case. It is
thought that these results can be useful for the design of multilayered
magnetoelectroelastic structures and devices. Ref. [208] has developed 3D exact
theory for the bending problem of a multiferroic rectangular plate with ME coupling
and imperfect interfaces and proposed a generalized spring layer model to
characterize the imperfection of the bonding behavior at the interfaces. This theory
can particular adopt the linear relation between the electric displacement and the
jump of electrical potential, the corresponding one for the magnetic field, and linear

relations among different physical fields.
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By introducing two displacement functions and two stress functions, the
governing equations of the linear theory of magneto-electro-thermo-elasticity with
transverse isotropy are simplified in Ref. [209]. On selecting certain physical
quantities as the basic unknowns, this paper establishes two new state equations. It
also accounts the material inhomogeneity along the sixfold symmetry axis and
employs an approximate laminate model to facilitate deriving analytical solutions.
Ref. [209] has also treated a functionally graded plate and studied the effect of ME
coupling in a BaTiO;-CoFe,O, composite predicted from the micromechanics
simulation. Buchanan [210] has compared frequencies of vibration for the layered
materials versus the multiphase materials as a measure of the accurateness of the
derived material constants. Also, the reader can find some works [211, 212]
concerning investigations of multilayered piezoelectromagnetic plates.

Finally, the paper cited in Ref. [213] presents some useful discussions on the
shear-horizontal (SH) acoustic waves in an inhomogeneous piezoelectromagnetic
plate. This paper studies the hexagonal (6 mm) material polarized in the SH direction
and assumes that the material constants of the plate continuously vary along the
thickness direction. Solving the coupled field equations, the authors of work [213]
have obtained solutions of the mechanical displacement, electrical and magnetic
potentials. They have also considered the influence of the inhomogeneity of the
material constants on the phase velocity and stated that their findings are significant
in the applications of wave propagation in such structures. The propagation of SH
guided waves in a coupled piezoelectric/piezomagnetic plate is also studied in Ref.
[214]. Both the layers are transversely isotropic of class 6 mm and perfectly bonded
along the interface. Ref. [214] has assumed the mechanically free, electrically open,
and magnetically closed case for the upper and lower surfaces of the plate. It also
obtained the dispersion relations for two different cases: the bulk SH-wave velocity
of piezoelectrics is larger or smaller than that of piezomagnetics. The obtained
numerical results have also demonstrated that the phase velocity approaches the

smaller bulk SH-wave velocity in the two-layer system with the increase in the
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wavenumber for different modes. It was also found that the thickness ratio and
properties of the piezoelectrics have a large effect on the dispersion behaviors.

All the recent works mentioned above have confirmed the fact that various
investigations of the magnetoelectric (two-layer) plates can be found in the modern
scientific literature because the research community has a growing interest in this
matter. However, it is thought that a comprehensive research work on the SH-wave
propagation in the piezoelectromagnetic plates does not exist. The author of this work
has represented below the theoretical investigations of the SH-wave propagation in
the piezoelectromagnetic homogeneous plates which can represent the native

magnetoelectric hexagonal (6 mm) materials (crystals) and the two-phase composites.
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Chapter I

Theory of Wave Propagation in Piezoelectromagnetic Plates

This chapter aims to acquaint the reader with the thermodynamics, constitutive
relations, equations of motion, and boundary conditions. For a transversely isotropic
piezoelectromagnetics of class 6 mm, it is possible to study shear-horizontal (SH)
wave propagation in the plate using the rectangular coordinate system shown in
figure 1, see in the previous section. Like the previous studies in books [101, 102] of
the wave propagation in such materials, the plate SH-waves propagate along the x;-
axis which is perpendicular to both the surface normal directed along the x;-axis and
the sixfold symmetry axis managed along the x,-axis. It is natural to primarily
describe the suitable thermodynamic variables and functions for this case. It is also
assumed that the piezoelectromagnetic plate (thin film) possesses the material

properties of bulk material.

L1. Thermodynamic Variables and Functions

It is possible to consider a bulk piezoelectromagnetic solid which simultaneously
possesses the piezoelectric, piezomagnetic, and magnetoelectric effects. This
complex two-phase system can be thermodynamically described by means of suitable
thermodynamic variables and functions. Indeed, it is necessary to choose a
thermodynamic potential to properly describe thermoelectromagnetoelastic
interactions in a piezoelectromagnetic solid. In general, eight thermodynamic
potentials are used and it is thought that in this case the thermodynamic potential
called enthalpy H, can be utilized in order to obtain adiabatic rather than isothermal
conditions. It is wellknown that an adiabatic process can be considered as that with

the constant entropy S. The entropy S as a thermodynamic variable represents a level
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of disorder in the system. Treating a linear case, it is possible to account only linear
terms in a Taylor series for the enthalpy H, relative to an equilibrium condition
H,(Sy). Tt is clear that the constant entropy S = Sy actually gives dS = 0. Therefore,
this thermodynamic variable can be excluded from the further consideration, for
instance, see in books [100, 101, 102].

These linear terms in a Taylor series for the suitable thermodynamic potential
can contain the following thermodynamic variables frequently written in the tensor
forms: strain 7, electrical field £, and magnetic field H;, where the indexes i and j
run from 1 to 3. For a piezoelectromagnetics, energetic terms of such complex system
described by a thermodynamic potential can be naturally coupled with the following
subsystems: elastic subsystem (thermodynamic variable #;), electric subsystem
(variable E;), magnetic subsystem (variable H;) and thermal subsystem (entropy S).

Therefore, for the likely thermodynamic potential 7, one can write the following:

Tzf(ﬂkl’Ek’Hk!S) (Il)

dT:ﬁ)(dnkladEkadestZO) (12)

1.2. Constitutive Relations

It is thought that for the problem of acoustic wave propagation in a
piezoelectromagnetic solid, it is natural to use the following three thermodynamic
functions: stress oy, electrical induction D;, and magnetic induction B;. The electrical
induction D; is also known as the electrical displacement and the magnetic induction
B; is also called the magnetic displacement or magnetic flux. These thermodynamic
functions depend on three independent thermodynamic variables described above: the
strain #;;, electrical field E;, and magnetic field /;. These three functions are written

as follows [100, 101, 102]:

O :.fl(n/:/’Ek’Hk) (13)
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D, :fz(”k/aEkaHk) (14)

B :fa(mnE/wH/;) (L5)

In the linear case, three thermodynamic functions written above depend on three
independent thermodynamic mechanical (#;), electrical (£;), and magnetic (H,)
variables. For a three-dimensional piezoelectromagnetic solid, the coupled

constitutive relations read:

0y = Cylly — € £y — hiyH,, (1.6)
Dy = ey + B + 0 Hy (L.7)
B, = byt + 0 By + 1, H, (I.8)

In these coupled constitutive relations written above, the used indices 7, j, k, and
[/ run from 1 to 3. It is clearly seen in equation (I.6) that the mechanical
thermodynamic function such as the stress o; also depends on the corresponding
factors at the independent thermodynamic mechanical (7;), electrical (£;), and
magnetic (H,) variables. These factors represent the corresponding proportionality
coefficients for the linear case and are thermodynamically define in the following
subsection. They are called the elastic stiffness constants C;y,, piezoelectric constants
ew, and piezomagnetic coefficients /. In  equation (1.7), the electrical
thermodynamic function such as the electrical displacement D; also depends on the
corresponding factors at the thermodynamic variables, of which the last two are
called the dielectric permittivity coefficients ¢; and the electromagnetic constants a;.
In equation (I.8), the magnetic thermodynamic function such as the magnetic
displacement B; also depends on the corresponding factors at the thermodynamic
variables, of which the last is called the magnetic permeability coefficients or
magnetic constants uy. These material constants &y, wy, and oy will be also

thermodynamically defined in the following subsection.
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In equations from (1.6) to (I.8), the first independent thermodynamic variable
such as the strain tensor #; can be defined by the following wellknown relation

between the strain and the mechanical displacements for small perturbations:

1{oU, oU
= — ! —L 1.9
1y 2[axj - ] (1.9)

i

In relation (1.9), the indices 7 and j also run from 1 to 3. It is necessary to state that
expression (1.9) represents the dependence of the strain tensor components 7;; on the
corresponding partial first derivatives of the mechanical displacement components
Uy, U,, and U; with respect to the real space components xj, x,, and x3.

In equations from (1.6) to (I.8), the second independent thermodynamic variable
such as the electrical field E; can be also defined by the corresponding partial first
derivatives. Using the electrical potential ¢ in the case of the quasi-static (irrotational
field) approximation, the components the electrical field (£;) can be determined as the
following partial first derivatives with respect to the real space components such as

X1, X2, and X3:

E=-2 (1.10)

Also, the third independent thermodynamic variables such as the magnetic field
H; participating in equations from (I.4) to (I.6) can be also defined by the
corresponding partial first derivatives. Utilizing the magnetic potential y in the quasi-
static approximation, the components of the magnetic field H; are defined by the

following partial first derivatives with respect to the components xy, x,, and x;:

H ==Y (L11)
ox,
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It is worth mentioning that to exploit the quasi-static approximation when all the
derivatives with respect to time ¢ in the corresponding Maxwell equations and
definitions (I.10) and (I.11) are omitted is common. This approximation can be used
because the speed of the electromagnetic wave is approximately five orders larger

than the speed of any elastic wave [29, 37].

1.3. Definitions of Material Constants

In the coupled constitutive relations from (1.6) to (I.8), all the material
parameters such as Cy, ex, Fiyj» i Mir, and oy can be thermodynamically expressed.

In equations (I.7) and (1.8), the electromagnetic constants «; can be defined by the

following thermodynamic relations:

aD, 0B,
= ! = ! 1.12
i [ aH/( Jr],E—consl [ aE’f jr],H—const ( )

Employing equation (I.7), the thermodynamic definition for the dielectric

permittivity coefficients ¢ reads:

oD,
= I.13
glk [ aEk Jq,H =const ( )

It is apparent that the magnetic permeability coefficients s in equation (I.8) can

be thermodynamically expressed as follows:

0B,
=| — 1.14
ﬂlk ( aHk Jn,lz‘:const ( )

In the thermodynamic relations from (I.12) to (I.14), the electromagnetic

constants oy, dielectric permittivity coefficients &;, and magnetic permeability
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coefficients u; stand for the following symmetric tensors of the second rank

(matrices): a, =, ¢, =¢,, and u, =y, . Indeed, the components of the tensors &,

i, and o are naturally written as (3x3) symmetric matrices [100, 101, 102].
With equations (1.6) and (I.7), the thermodynamic description of the

piezoelectric constants ey; can be given by the following definitions:

do;, oD,
= ! =e, = : I.15
eljk [aEk Jn,H—const u (aﬂkl JE,H-COHS! ( )

Using relations (1.6) and (1.8), it is also visible that the thermodynamic forms of

the piezomagnetic coefficients /; can be obtained as follows:

J0, 0B,
By = L =l =| 2 (L16)
" [aH’( jr],Econsl ! [ankl ]E,Hconst

It is necessary to state that the quantities of both the material parameters /4, and

ey; can be decreased. The symmetry arguments such as o; = 0; and n; = #; in
equations (I.15) and (I.16) can also demonstrate the corresponding degrees of
symmetry for the material tensors ej; and hy;. The symmetry influences allow the
existence of the following equalities:

1.17)

€ = Cyx = € = €y

h/cij = hi/lr = h/f/i = hjik (I 1 8)
Utilizing Voigt’s notation, the (3x3x3) tensor forms for the piezoelectric constants
ey; and piezomagnetic coefficients /; can be rewritten as the asymmetric (6x3) or
(3%6) matrices: ey; — egp OF ejx — epy, hiy; — hyp OF hyy — hpy, where the index P runs

from 1 to 6.
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Finally, expression (I.6) can be soundly employed for the thermodynamic
definition of the elastic stiffness constants C;;,. These material parameters can be

naturally defined as follows:

a0,
c,,=| 2% (119)
jk’ [a nkl JEH:consl

Thermodynamic definition (I.19) for the material parameters Cy states that they
can be determined at constant electrical and magnetic fields. Symmetry arguments
allow some simplifications of the quantity of the stiffness constants Cj; because the
stress and strain tensors are symmetric: o; = o; and #; = #;;. Therefore, the stiffness
tensor Cj; must also possess a corresponding degree of symmetry resulting in the
following simplifications:

Cpu=C,

i Klij

= C/'ikl = Ck[fi =Cy =C,,

b

i = Con = Ci (1.20)
Using Voigt’s notation, the (3x3x3%3) tensor form for the elastic stiffness
constants Cj; defined by expression (I1.19) can be compactly written in a form of
(6%6) symmetric matrix [29, 37, 44-54]. The transformation procedure of a tensor
form into a matrix is wellknown. For this purpose, the following rules are used for the
indices: 11 — 1,22 — 2,33 — 3,23 — 4, 13 — 5, 12 — 6. So, the indices are
changed as ijkI — PQ and Cyy — Cpp where the indices P and Q run from 1 to 6.

It is also necessary to mention for the reader that all the material tensors defined
above by the corresponding thermodynamic relations can be transformed from an
original coordinate system into a required new one. The original coordinate system
usually represents a crystallographic coordinate system. It is necessary to rotate
around the x;-axis, x,-axis, or x3-axis in order to obtain a new propagation direction in
the new coordinate system called the work coordinate system. The new propagation

direction must be directed along the x;-axis in the work coordinate system. This
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situation requires a recalculation of all the values of the independent material
constants. Therefore, the number of independent material constants and their values
must be recalculated. It is obvious that the values of the new material constants are
obtained using the values of the old ones. Exploiting the rules for tensor
transformations [29, 37, 44], some new values of the material constants with the
indexes i, j, k, and / can be obtained by application of the transformation matrices
such as @;u, a;,, ai, and a;, to the original values of the material constants with the
indexes m, n, p, and q. Therefore, the transformation formulae for all the material

tensors introduced above read:

Cyu = a,,0,,0,,0,C,,... (L.21)
hy = a,,a,a.h,, (1.22)
€y = 4, d ;04,8 (1.23)
o;=a,a,d,, (1.24)
1y =apa i, (1.25)
€y = Ay Epy (1.26)

It is flagrant that after completion of these complicated transformations, the
tensors of the material parameters in equations from (I.21) to (I.23) can be also
written in their corresponding matrix forms discussed above. It is blatant that these

matrix forms are more convenient for the further theoretical considerations.

1.4. Equations of Motion

It is wellknown in the physical acoustics that the speed of the electromagnetic
waves is approximately five orders larger than that of the acoustic waves. Indeed, the
acoustic waves propagating in solids are extremely slow compared with the
electromagnetic waves propagating in the same materials. However, propagation of

the acoustic waves can be coupled with both the electrical potential ¢ and the
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magnetic potential y in the quasi-static (irrotational field) approximation. Therefore,
the Maxwell four field equations [36] of the electromagnetic theory must be naturally
used and also applied to the piezoelectromagnetic solid. Maxwell has creatively
formulated the laws of electrostatics, magnetostatics, and electromagnetism. The
electrostatic and magnetostatic equilibrium equations can be written using the
differential forms of the corresponding Maxwell equations which can be written as

follows:
divD=0 and divB=0 (1.27)

The first equality in equations (I.27) with the electrical displacement vector D
represents Gauss’s law without free charge and currents and the second equality
represents a divergence of the magnetic flux vector B. It is well-known that the
mathematical operator such as “div”’ means a divergence that can convert any vector
into a scalar.

Exploiting Maxwell’s equations (1.27), the governing -electrostatic and

magnetostatic equilibrium equations can be respectively expressed as follows:

9D: _o and Liog (128)
ox, ox,

Equations (1.28) represent the partial first derivatives of the electrical displacement
components D; and the magnetic displacement components B; with respect to the real
space components x;, where the index i runs from 1 to 3.

Besides, the governing mechanical equilibrium equation is also written as the
following partial first derivative of the stress tensor components ¢; with respect to the

real space components x;, where the indexes i and j run from 1 to 3:

9% _g (1.29)
ox

J
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With equation (I.29), wave motions of a piezoelectromagnetic material in
dependence on time ¢ can be described by the equation of motion written in the

following well-known equality [37, 38]:

telo 2°U.,
N a3

J

where p is the mass density of the piezoelectromagnetic bulk material. On the right-
hand side in equation (I.30), the partial second derivatives of the mechanical
displacement components U; with respect to time ¢ represent corresponding
accelerations with the dimension of m/s’.

In addition to equation of motion (I.30), it is necessary to account the

electrostatics and magnetostatics in the quasi-static approximation:

9D _o and 2By (131)
ox ox;

J

It is obvious that equation (1.30) is coupled with equations (I.31) because the
mechanical (o;), electrical (D;), and magnetic (B;) thermodynamic functions
respectively defined by equations from (1.6) to (I1.8) depend on the mechanical (1),
electrical (£;), and magnetic (H;) thermodynamic variables. The coupled equations of
motion, namely equations (I.30) and (I.31) can be readily written in an expended
form when the mechanical displacements U, electrical potential ¢, and magnetic
potential w are exploited. Employing equations from (I1.9) to (I.11) for coupled
equations (1.30) and (I.31) written above, the coupled equations of motion are then

composed as follows:

2 2 2 2
pdYi_e OU L, 90 L, OV (132)

2 ikl i i
ot ox ;0 ox 0, ox 0,

34



°U, o%p o’y
=€ —&; —-a;
Ox,0x;; ox,0x; ox,0x;

(133)

9°U, 9° 0’
S~ % 2 Hy v
ox,0x; O, 0x; ox,0x;

(1.34)

In equations from (1.32) to (I.34), the indexes i, j, k, and / run from 1 to 3.
Homogeneous equations from (1.32) to (1.34) represent five partial differential
equations of the second order. These coupled equations of motion constitute the wave
propagation in a piezoelectromagnetics possessing the piezoelectric, piezomagnetic,

and piezoelectromagnetic effects.

L5. Tensor Form of Equations of Motion

It is also possible to write down the wellknown tensor form for the differential
form of the coupled equations of motion written in the previous subsection. First of
all, it is required to state that these homogeneous partial differential equations of the
second order written above must have solutions in the plane wave forms [37, 38].

Therefore, these solutions read:

U, =U! expljlkx, +kyx, +kyx, — x| (1.35)

where the index / runs from 1 to 5 and there is the following: U;= U, for [ =i, U, = ¢,
and Us = y. Also, U, j = (-1)"%, and o stand for the initial amplitudes, imaginary
unity, and angular frequency, respectively. The values of U,\°, U,°, Uy’, U,° = ¢°, and
Us’ = y” should be determined further and the angular frequency is defined by the
linear frequency v, namely @ = 2mv. In equation (I.35), the parameters such as 4, &,
and k; are the components of the wavevector K directed towards the wave
propagation. Also, it is possible to write that the following equality occurs:

(ky,ky, k)= k(n,,n,,n;) Where ny, n,, and n; are the directional cosines. For convenience,

they can be defined by n; = 1, n, = 0, and n; = n3. It is worth noting that the
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wavenumber k in the direction of wave propagation depends on the wavelength 1 as
follows: k= 2m/J.

It is transparent that the utilization of solutions (I1.35) and the directional cosines
for corresponding substitutions into the differential form of coupled five
homogeneous equations from (I.32) to (I.34) can actually lead to five equations
written in tensor forms. These five homogeneous equations can be naturally written

in the following compact form [100, 101, 102]:
(GL, ~8,pV, U} =0 (1.36)
where the indices 7 and J run from 1 to 5 and the phase velocity is defined by
v, =alk 1.37)

Also, in the parentheses on the left-hand side in equation (1.36), GL;; stands for the
components of the modified tensor in the well-known Green-Christoffel equation
[100, 101, 102] and &, represents the Kronecker delta-function with the following
conditions: d;;=1 for I=J, d;;= 0 for I #J, and d44 = 55 = 0. It is also central to state
that the modified Green-Christoffel tensor GL;; is symmetric, i.e. GL;; = GLj;. For
that reason, it has only 15 independent tensor components.

Five homogeneous equations written in compact form (I.36) represent the
common problem for determination of the eigenvalues and eigenvectors. In this case,
the suitable values of n; for the corresponding phase velocity represent the
eigenvalues and a corresponding eigenvector should exist for each of the suitable
eigenvalues. In the common case, the eigenvector can be expressed in the following

form:

U Ut U =" UL =) (1.38)
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According to excellent book [37] and classical work [56], it is possible to find
high symmetry propagation direction in crystals relating to all classes of symmetry,
but the lowest triclinic symmetry. In the high symmetry propagation directions, it is
possible that tensor form (1.36) of the coupled equations of motion can consist of two
independent sets of homogeneous equations. Indeed, some GL-tensor components
can become equal to zero when acoustic waves propagate in certain directions on
certain cuts. In some certain directions [37, 56] of wave propagation, the in-plane
polarized waves can be coupled with both the electrical and magnetic potentials and
the anti-plane polarized waves represent purely mechanical waves. Therefore, the

corresponding eigenvectors are respectively written as follows:
(e vt ut,u?) and (U?) (1.39)

In the other certain directions [37, 56] the in-plane polarized waves represent
purely mechanical waves and the anti-plane polarized waves can be coupled with
both the electrical and magnetic potentials. As a result, the reader can find that this

case corresponds to the following eigenvectors:
(°,u?) and [U2,ULUY) (1.40)
This work has an interest in the theoretical investigation of the
piezoelectromagnetic plate SH-waves coupled with both the electrical and magnetic
potentials. Thus, the second eigenvector in expression (1.40) is of the interest.
Therefore, the following subsection demonstrates the simplifications for this case.

1.6. High Symmetry Propagation Directions for SH-Waves

This subsection acquaints the reader with the suitable high symmetry

propagation directions in the transversely isotropic piezoelectromagnetics of class 6
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mm. There are certain cuts and certain propagation directions in the transversely
isotropic piezoelectromagnetic materials [37, 56, 100, 101, 102] in which the
propagation of the pure SH-waves with the anti-plane polarization can be coupled
with both the electrical and magnetic potentials. In the transversely isotropic (6 mm)
piezoelectromagnetic plate shown in figure 1, the suitable propagation direction is
managed along the x;-axis in the work coordinate system (x;, xp, x3) in which the
sixfold symmetry axis is directed along the x,-axis. The work coordinate system was
obtained from the original coordinate system (x’;, x’, x;) in which the sixfold
symmetry axis is directed along the surface normal. It is necessary to state that in the
obtained work coordinate system (x;, x,, x3), any rotation around the x,-axis is
appropriate and give suitable cuts for the SH-wave propagation. In this case, the SH-
wave has the mechanical displacement component directed along the x,-axis. In the
studied propagation direction, the coupled equations of motion written in compact
tensor form (1.36) can be actually decomposed [37, 56]. This decomposition allows
one to separately write the equations of motion for the in-plane polarized waves and
those for the anti-plane polarized waves.

Using equation (1.36) with the second eigenvector in expression (1.40), the SH-
wave propagation coupled with both the electrical potential ¢ and the magnetic
potential  can be then expressed by the following three homogeneous equations

written in the matrix form:

GLy,-pV,, GL,, GL,, U’y (0
GL,, GL,, GL. | ¢ |=|o0 (1.41)
GLs, GLs, GLs; y' 0

In equations (1.41), the eigenvector has the following components:

U’y )=us.us.0?) (1.42)
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The suitable eigenvalues 3 can be found when the determinant of the coefficient
matrix in equations (I1.41) equals to zero. Therefore, it is possible to write down the

following determinant:

GLy,-p szh GL,, GL,
GL,, GL,, GL. |=0 (1.43)
GLs, GLs, GLss

In equations (1.41) and (1.43), the GL-tensor components read:

GL,, =C(1+n3) (1.44)
GL,, =—£(1+n2) (1.45)
GLy =—p(1+n}) (1.46)
GL,, =GL, =e(1+n}) (1.47)
GLy, = GLg, = h(1+n?) (1.48)
GLy, =GLy, =—a(1+n?) (1.49)

In equations from (1.44) to (1.49), the directional cosine n; (eigenvalue) is
defined by n3; = k3/k and the independent material constants for the case are C = Cyy =
Cos, € = €16 = €30, h = 16 = h3a, € = €11 = €33, 4 = 1 = 33, and & = ay; = a3 [101].
Indeed, a corresponding nonzero eigenvector in the form of expression (1.42) should
exist for a suitable nonzero eigenvalue n;. It is also possible that two nonzero
eigenvectors can exist for the same eigenvalue. To reveal this significant peculiarity

of the two-phase materials is the aim of the following two subsections.

L.7. Eigenvalues

First of all, it is thought that it is convenient to operate with the following

parameter m=1+n; in the GL-tensor components defined by equations from (1.44) to
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(1.49). It is also apparent that it is natural to introduce the matrix determinant in
equation (1.43) as three factors. Therefore, it is obvious that the determinant in

equation (I1.43) can be written as follows:

Cm—prZh em hm
e —-& —oxmxm=0 (1.50)
h -a —-U

This form of the determinant written above results from the fact that each
component of the second and third rows (or each component of the second and third
columns) of determinant (I1.43) has the same factor such as m. These two factors are
written as the second and third factors in equation (1.50). This peculiarity can
significantly simplify further mathematical considerations.

In equation (I.50), it is transparent that m = 0 can soundly satisfy the equality.
So, two the same factors such as m can firmly determine four of six normalized

eigenvalues n3;. They can be expressed as follows:
n{? =pPY = 1] (L51)

Also, the remnant determinant in equation (I.50) represents a number and it is
required that it must be equal to zero to reveal the rest two eigenvalues 7;. Expanding

this determinant, the following secular equation can be obtained:
(+K2 =, /v, f =0 (1.52)

In equation (1.52), V4 and K, stand for the speed of the shear-horizontal bulk

acoustic wave (SH-BAW) uncoupled with both the electrical and magnetic potentials
and the coefficient of the magnetoelectromechanical coupling (CMEMC),
respectively. They are defined by
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2 2
v,=JClp and K2, =He_te —20¢h (1.53)

Consequently, equation (I1.52) provides the following forms of the fifth and sixth

eigenvalues:

o = ijm or n™® :im (1.54)

where the first equality is for the case of V},, < V.., and the second is for V}, > Vi, In
definition (I1.54), the velocity denoted by V., represents the speed of the SH-BAW
coupled with both the electrical and magnetic potential. It is defined by the following

formula:

v, =V, (+k2)" (1.55)

em

Thus, the first problem such as the determination of the explicit forms for all the

eigenvalues n; is resolved.
1.8. Eigenvectors
The second problem is the determination of the eigenvector explicit forms for all

six eigenvalues n; obtained in the previous subsection. For this purpose, three

homogeneous equations (I.41) can be rewritten in the following convenient form:

Cm— przh em  hm (U’ 0
em —em —am| ¢’ |=|0 (1.56)
hm —am —um )y’ \0
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Indeed, the corresponding nonzero eigenvector (Uo,goo,z//O) for each value of
m=1+n} must be found using equation (1.56). All six eigenvalues n; are defined by
expressions (I.51) and (1.54). Exploiting equation (1.56), it is possible to demonstrate
in this subsection below that each of four eigenvalues 73 in expression (I.51) can have
two different eigenvectors and the rest two eigenvalues #; in expression (I1.54) can
have the other two different eigenvectors. However, the corresponding eigenvectors
must be coupled.

First of all, it is essential to write the common expressions which can be true for
both eigenvalues (I.51) and (I.54). Indeed, it is natural to define the eigenvector
component U° from the first equation in equations (I.56). Accordingly, U° can be

readily expressed as the following dependence on both ¢° and y":

uoz_%w—%’”w with 4=Clm-(v,, /7. F] (157)
Employing definition (I.57) for the second and third equations in equations

(I1.56), one can obtain the following two homogeneous equations which demonstrate

the coupling between the eigenvector components ¢ and "

2

Sy o
2

(mjh+ajgo°+(mj +ﬂ}//°:0 (1.59)

It is crucial to state that equations from (1.57) to (I.59) can reveal all the eigenvector
components such as U°, ¢°, and y°.
Four eigenvalues (I.51) correspond to m = 0. So, equations (I.56) can be

rewritten in the following form to determine the corresponding eigenvector:
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0 0
0f ¢ |=|0 (L.60)
0 0

It is clearly seen in equation (I.60) that the single possibility to have a nonzero
eigenvector for nonzero eigenvalues (I.51) is the situation when U° = 0 for m = 0
agrees with expression (I.57) and there are arbitrary nonzero values for both ¢° and
y". The certain values of both ¢° and y° for the case of m = 0 can be determined from
equations (1.58) and (1.59). Therefore, it is possible to state that four eigenvalues
(I.51) actually have the same eigenvector that will be written below. It is also clearly
seen in equation (1.60) that the value of the phase velocity V), is uncertain and cannot
be equal to zero to have U = 0. It is thought that to use equations (1.58) and (I.59) for
determination of the uncertain values of ¢” and y° for m = 0 is natural because this
case couples these two uncertain values with those of the other eigenvector
corresponding to the eigenvalues defined by expression (I.54). It is also essential to
state that eigenvalues (I.51) and the corresponding eigenvectors do not depend on the
phase velocity V.

The following useful expressions can be written for eigenvalues (I.54) coupled

with the phase velocity V,,;:

0 = (Vph/Vm )2 (L.61)
1 = +i1-m®® =+jp (1.62)
A(S,ﬁ) =—m(5'6)CK2 (163)

Exploiting equation (I.58) and the case of m # 0 in equation (I.61), one can
check that both equalities (1.58) and (1.59) are satisfied when the eigenvector

components ¢’ and v are expressed as follows:

2
p :"’Tf”m and y =" _¢ (L64)



Using definitions (I1.61) and (1.63) for the eigenvector components defined by
expressions (1.57) and (1.64), the first eigenvector for eigenvalues (I.54) can be
formed. It is clearly seen that all the eigenvector components do not depend on the
phase velocity V.

There is however the second case to satisfy equalities (1.58) and (1.59). Using
equation (I.59), it is transparent that the eigenvector components ¢” and y° can be

also defined by

2
o = ’”j +u and p° =-’”7fh-a (L65)

Thus, the eigenvector components defined by expressions (I.57) and (1.65) can
form the second eigenvector for two eigenvalues defined by expression (1.54). It is
also obvious that using definition (1.63), all the components of the second eigenvector
do not depend on the phase velocity ¥, too. Therefore, all the corresponding
eigenvectors for all the eigenvalues do not depend on the phase velocity V,, and only
two eigenvalues (1.54) depend on the velocity.

It is indispensable to state that to know two different sets of the eigenvector
components is very important because they can lead to two different solutions for the
phase velocity V,,. This fact was first revealed in book [101] for the propagation
problems of the SH-SAWs guided by the free surface of the transversely isotropic
piezoelectromagnetics of class 6 mm. This fact can also complicate the theoretical
investigations of the plate SH-wave propagation.

It is now possible to write all six eigenvectors for six eigenvalues. Using the ¢°
and v defined by equations (1.64), the first set of the corresponding eigenvectors for

the eigenvalues (I.51) and (1.54) are respectively given as follows:

(UO(I)’¢0(1)’V/O(1))= (UO(z)’(ooa),l//om )= (U0<3),(/70(3),l//0(3) )= (U0<4),¢0(4)’V/O(4))= (0,,~¢) (1.66)
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2

—he eh e
U'e, 0(5)’ 0 )= (U°© 0<6)’ 0(6) ) — eax , +a, —e| (1.67
.9 )= (U" 0" ") ( T T (L.67)

em

Also, the following equalities exist and couple the corresponding eigenvector
components:

o(1)

e’V +hy’V =e@"® + hy*® =ear - he (1.68)
Using the ¢° and v defined by equations (I.65), it is possible to form the second
set of the eigenvector components for the same eigenvalues defined by expressions

(I.51) and (I.54). The eigenvectors respectively read:

(U0<1>’¢0<1>’l/,0<1>): (U0<2>,(p0(2),l/,0(2> ): (UO(S),(/’OO),V/O(S) ): (UO(A),(I’OWJ//M ): (0, u,~cx) (1.69)

B h? + eh
CKZ, e

em

CK:

em

(UO(S’,(/JO(S),I/IO(S’ ): (UW‘),(/)O”’),I//O“’) ): [e/l - ha’, _ a] (1.70)

For the second set of the eigenvector components, the following useful

equalities also exist which can significantly simplify the further analytics:
"V +hy'Y =ep"® + hy"® =eu—ho (L71)
1.9. Complete Displacements

Utilizing the eigenvalues and eigenvectors found in the previous two
subsections, it is possible to compose the complete mechanical displacement U,
complete electrical potential ¢, and complete magnetic potential y*. They can be

compactly written in the plane wave forms as follows:

Ur= Y FYu” exp[jk(nlx1 +n"x, - Vpht)] 1.72)

p=1,2,3,4,5.6
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qoz = ZF(”)(/)O”’) exphk(nl)c1 + n§”)x3 —Vpht)] (1.73)

p=1,2,3,4,5,6

yr= Y Fy” exp[jk(n,x1 +nx, - Vpht)] (1.74)

p=1,23,4,5,6

In expressions from (I.72) to (1.74), the weight factors F can be determined
from equations in which suitable boundary conditions are accounted. The final
subsection of this chapter describes the realization of the mechanical, electrical, and
magnetic boundary conditions. The complete mechanical displacement U*, complete
electrical potential ¢*, and complete magnetic potential y* can be also written in the

following expanded forms:

U ={FU" expli, )+ F,U" exp(— kx, )

175
+EU exp(jknf’x3 )+ FU® exp(—jkn§ ) )}X exp[}k( Vot )] a75)
¢" = {Fp" expllr, )+ Fop"" expl- kv,
(1.76)
+ Fip"® exp(jlnx, )+ Fip" expl( jlnx, Jixexplik(x, 1)
v ={Fy explic, )+ " expl- kv,) w77)

0(5)

+ Py exp(jknf))g )+ F4'//0(5) exp(— jknéS)x3 )}X exp[jk(xl [)h )]
where F; = =FD+ F(z) =F9+ F4) F;= FS), and Fy = FO. Using the wellknown
formulae such as exp(i 0)=cosh(®)+sinh(©) and exp(+jO)=cos(®)+ jsin(®), it is

possible to rewrite the complete parameters for the case of V,, < V,,, as follows:

U* ={E)IU°“’cosh(kx )+ FL,U" smh(loc3)+F u'® cosh( 1-(v Vo[V, v, f j
(1.78)
+E U sinh(kx xexplik(x, =7 ¢
04 ph lem p Vot
¢z = {qu’ou) cosh(kx3)+F02g0°“) sinh(kx3)+Fo3(p°“) COSh( ( ph/ Iem)z)
(1.79)

+Fo4¢’ smh( (ph/ /(m) j}xeXp[Jk(xl pht)]
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‘//E = {le/loa) cosh(kx3)+ Foz'//O(l) Sinh(kxa )+ FZ]}‘//O(S) COSh( ( ph/ tem )Z j

+ Fp¢ smh( (ph/ ,(m) )}xexp[jk(xl—Vpht)]

(1.80)

where Fy = Fy + F5, Fp=F, — I, Fs = F; + F,, and Fo, = F5 — F,. All the formulae
written above in this subsection are valid within the plate thickness, namely when
—d <x,<+d . It is also basic to state that the complete mechanical displacement U* in
expression (I.78) does not depend on the weight factors Fy; and Fy, because U°") =

In the case of V), > V.., the hyperbolic cosine at the weight factor Fy; and the

hyperbolic sine at the Fy4 are converted as follows:

cosh(kx, (,,;,/ ,gm)) ( 3 (,,h/ ,em) lj (1.81)
sinh(kx3 ( ph/ ,em) )—)JSIH( ( ph/ ,m) lj (1.82)

1.10. Equations and Parameters for a Vacuum

In this theoretical investigations there are contacts of the upper (x; = + d) and
lower (x; = — d) surfaces of the transversely isotropic piezoelectromagnetic plate with
the other continuum such as a vacuum, see figure 1 in Introduction. Therefore, it is
also necessary to introduce the vacuum material constants and the corresponding
expressions for the electrical and magnetic potentials in a vacuum. For a vacuum
(free space) the value of the elastic constant Cy is very small, namely Cy = 0.001 Pa
[215]. Indeed, this value of Cj is thirteen orders smaller than that for a solid such as
piezoelectromagnetics. Thus, it is transparent that it is too negligible to account this
value in calculations. Also, the vacuum dielectric permittivity constant has the
following value: & = 107/(4nC,>) = 8.854187817x10'* [F/m] where C, =
2.99782458x10% [m/s] is the speed of light in a vacuum.
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For the free space, it is possible to exploit the wellknown Laplace equation of

type Ap,= 0. This equation can be written as follows:
(k2 +k2 ), =0 (1.83)

In equation (1.83), the electrical potential above the upper surface (x; = + d) and
below the lower surface (x; = — d) of the piezoelectromagnetics can be respectively

written in the following plane wave forms:

Q= FE exp(—kx, )exp[j(klx1 —ar)] X, 2+d (1.84)

Pro = FE exp(k1x3)exp[j(k,xl - a)t)], X <—d (1.85)

Also, the free space magnetic permeability constant has the following value: uy =
4nx107" [H/m] = 12.5663706144x10"" [H/m]. For the magnetic potential, Laplace’s

equation of type Ay,= 0 can be also written in the following form:
(k12 + k32 )'//fo =0 (1.86)

In equation (1.86), the magnetic potential in a vacuum above the upper surface
(x3 = + d) and below the lower surface (x; = — d) of the piezoelectromagnetic plate
must be also written in the corresponding plane wave forms. Therefore, it is possible

to respectively write the following:

Vio= F exp(— kyx; )exp[j(klxl - a)t)], x; 2+d (1.87)

0= PO expll, explikx, — ar)l x, <—d (1.88)
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It is clearly seen in equations (1.84), (1.85), (1.87), and (1.88) that both the electrical
and magnetic potentials exponentially decrease in a vacuum when x; >+ d and x; <—

d, see figure 1.

L.11. Mechanical, Electrical, and Magnetic Boundary Conditions at the
Upper and Lower Surfaces

For the piezoelectromagnetic plate, some certain mechanical, electrical, and
magnetic boundary conditions at both the upper (x; = + d) and lower (x3 = — d) free
surfaces (the two interfaces between the solid and a vacuum shown in figure 1 in
Introduction) must be used. The mechanically free upper and lower surfaces can be
used as the mechanical boundary conditions. Also, the following electrical boundary
conditions can be used at both the free surfaces of the plate: the electrically closed
surface (¢ = 0), electrically open surface (D; = 0), and the continuity of both ¢ and D;
at the surfaces, i.e. ¢ = ¢/ and D; = D/, where D; is the normal component of the
electrical displacements and the superscript “f” relates to the free space. Besides, the
magnetic boundary conditions at both the free surfaces are as follows: the
magnetically closed surface (B; = 0), magnetically open surface ( = 0), and the
continuity of both y and B; at the surfaces, i.e. y = v/ and By = B/, where Bj is the
normal component of the magnetic flux. It is worth noticing that the realization of the
mechanical, electrical, and magnetic boundary conditions is perfectly described in
theoretical work [113] by Al’shits, Darinskii, and Lothe. Also, it is convenient in this
subsection to use x; = 0 and ¢ = 0 to cope with exp[j(kx, —ar)]=1.

The mechanically free upper surface of the piezoelectromagnetic plate at x; = +
d (see figure 1 in Introduction) requires the following condition for the normal

component of the stress tensor a3,:

1l
=]

0y, (x, =+d) (1.89)
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where

O3 (xs :+d):

F“)k3(l> [CUO(U +e@”® +hy? ]exp(jké”d)+ F(z)kéz) [CUO(2> +e@’® +h l//o(z)]exp(jkf)d)

+ F(3)k3(3) [CU o) + EQ)O(B) +h '//0(3) ]exp(jk3(3)d)+ F(4)k3(4) [CUOM) + €¢’0(4) +h l//0<4) ]eXp(Jky)d)
+FO,® [CUO(S) +e@®® +h y/n(s)]exp(jk§s)d)+ FOK® [CUW') +e@"® +hy"® ]exp(jk3(6>d)

(1.90)

The possible electrical boundary condition at the free upper surface of the
piezoelectromagnetic plate at x; = + d can be written as follows: the normal
component of the electrical displacement D; must be equal to the electrical
displacement I for a vacuum, where the superscript /" is used for a vacuum in this

subsection below. This condition reads:
D, (x,;=+d)=D’(x, =+d) (1.91)
where

Df(x3 = +d) == E¢0fjklg(] exp(— kld) (192)
D, ()c3 = +d):
F(l)k;l)[eUO(l) _g(pom _al/,ou)]exp(jk;nd)_'_F(Z)k;Z)[eU()(b —S(/)O(Z) —ayl”‘”]exp(jké”d)
+FOP [EUOG) —-£¢"® — ]exp(jk3(3)d)+ FOk® [eUO(A) —e¢"? —op*® ]exp(jk3(4>d
+ FOP [eUO(S' —£¢"® — ™ ]exp(jk;s)d)+ FOR® [eUO((’) —ep™® — al/lo(("]exp(jk;(’)d)

) (1.93)

The second possible electrical boundary condition is for the electrical potential ¢
at the free upper surface of the plate at x; = + d. At this surface, it is possible to
require for the electrical potential ¢ in the plate and the electrical potential ¢ in a

vacuum that the following equality must be satisfied:

(p(x3 :+d):¢f(x3 :+d) (194)

50



where

50/ (xz :+d):FE¢of exp(— kld) (195)

olx, =+d)= FVp"" exp(jk_é”d)+ FPp"® exp(jk_éz)d)+ Fp'® exp(jké”d)
+ FOp exp(ikid )+ F 9" exp(ikd )+ F©p"® exp(ikd)

(1.96)

Besides, the magnetic boundary conditions can be also expressed at the free
upper surface of the plate at x; = + d. First, the magnetic flux normal component B;
must continue in a vacuum which is characterized by the magnetic flux B'. Therefore,

it is possible to require the following:
B, (x, =+d)=B'(x,=+d) 1.97)
where

Bf(x3 :+d):_ M‘/’({jklﬂo eXp(_ k]d) (198)
B, (xs = +d) =
F(”k;”[hU”(” — "™ —,uyfo“)]exp(jkf)d% FOR® [h U™ — " — 1y ]exp(jkj‘z)d)
+F(3)k§3)[hU°(3‘ — g™ —/11//0(3)]exp(jk3(3)d)+F{4)k3(4)[hU0(4) — "™ —yy/°‘4)]exp(jk§4)d
+F‘5)k§5}[hU°(5} — " —ﬂl//"“’]exp(jkf)dﬁF“”k;"” [hUO“” — " —,ux//“‘ﬁ)]exp(jk;")d)

) (1.99)

Indeed, the continuity of the magnetic potential y at x; = + d must be also
required. Therefore, the following equality between the magnetic potential y in the

plate and the one ” in a vacuum must be satisfied:
y(x, =+d)=y’ (x,=+d) (1.100)

where
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'/// (xs :+d):Ew'//bf exp(—kld) (1101)

w(x, = +d)= FOp0 exp(ikd )+ FOu'® explikd )+ FOu'® exp(ik®'d)
+ F 9% exp(ikVd )+ F Oy exp(ik®'d )+ FOp*® expljk¥d)

(1.102)

However, the plate possesses the second surface, namely the lower surface at x;
= —d, see figure 1 in Introduction. This study relates to the case of the homogeneous
boundary conditions. This means that the same mechanical, electrical, and magnetic
boundary conditions must be applied to the lower free surface of the plate. Therefore,
it is also necessary to write the mechanical, electrical, and magnetic boundary
condition for this free surface. The mechanical condition is the mechanically free

surface that means
0y (x, ==d)=0 (1.103)
where

O3 (xz = _d)=

FOROCU +e0™ + hy 0 Jexp(= jkd )+ FORP [CU + 0™ + hy*® Jexp(- kP d)
+FORO[CU +e9" + hy"® Jexpl- kP d )+ FORI[CU™ +e9"® + hy"® Jexp(- jk("d)
+ FORP[CU +e9™ + hy" Jexp(= jkPd) + FORO[CU™ +e9"® + hy*® Jexpl- jk(d)

(1.104)

The electrical boundary conditions can be written as follows:
D, (x, =—d)= D’ (x; =—d) (1.105)
plx;=—d)=¢’ (x,=—d) (1.106)

where
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D' (x, =—d)= F,p jk&, exp(-kd) (1.107)
D, (x3 = _d) =
FOROeU™ — 0" — ™ Jexpl- k") + FOkP[eU"® - £6™) - ap*® Jexp(- jkd)
+ FOE® [erm — e — ayfo(j)]exp(— jk§3)d)+ FO® [eUO(‘” —ep"® — m/,om]exp(_ jk;‘“d)
+ FORP U - 60" —ay*® Jexpl— jkVd )+ FORO U™ - 6" — o™ Jexpl- 50 )

(1.108)
¢’ (x, =—d)=F,p] exp(-kd) (1.109)
@Olx; =—d)=Fp"® exp(— jk;”d)+ FPp'® exp(—jkf’d)+ FP¢"® exp(— jkf’d) (L110)
+ F®e"® exp(—jk;4’d)+ F®p"® exp(—jkf’d)+ F©p"® exp(— jk;s)d) '
Finally, the magnetic boundary conditions at x; = — d can be composed as
follows:
B,(x,=—d)=B'(x,=-d) (L11D)
ylx, =—d)=y' (x,=-d) (1.112)
where
B/‘(xs :_d):FMl//(;‘jkuuo exp(— kld) (Il 13)
B, (xs = _d) =

F"’k;l)[hUO") o —,u;y(’(”]exp(—jkg”d)-i-F‘z)kf’[hU"“’ —ap'® —/ty/o‘z)]exp(—jk;”d)
+ F(;)k;y[huom —0!(/)0(3) —ﬂy/o(3>]exp(—jk3(3)d)+ F(A)k;zt) [hUOM) _a(pw) —,uy/o“’]exp(—jk;“d)
PRI g g ool ik OO U g~y gl 44)

(I.114)
' (x, ==d)=F,y exp(-kd) (L115)
w(x, =—d)=FOp"" exp(— jk;')d)+F(2)l//0(2> exp(— jk;Z)d)+F(3)l//°(3) exp(— jkf)d) L116)

+ FOY expl jkd )+ FOY" expl- jkOd )+ F Oy expl- jkd)
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This short review of the mechanical, electrical, and magnetic boundary
conditions introduced in this subsection can allow the reader to better understand the
following chapters. The following chapters study the influence of different electrical
and magnetic boundary conditions applied at the upper and lower interfaces between
the transversely isotropic piezoelectromagnetics and a vacuum. It is thought that the
case of the electrically closed surface (¢ = 0) and the magnetically open surface (y =
0) is a common realization of the boundary conditions to commence the analysis.

This is the case of study for the following chapter.
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Chapter 11

The Electrically Closed and Magnetically Open Boundary Conditions

This chapter studies the SH-wave propagation in the transversely isotropic
piezoelectromagnetic plate when homogeneous mechanical, electrical, and magnetic
boundary conditions are applied to both the free surfaces of the plate. The
homogeneous boundary conditions mean that each of the upper and lower surfaces of
the plate, see figure 1 in Introduction, represents the mechanically free, electrically
closed (electrical potential ¢ = 0) and the magnetically open (magnetic potential y =
0) surface. In figure 1, the upper free surface is located at x3 = + d and the lower
surface at x3 = — d, where 2d is the plate thickness. For these boundary conditions, it
is necessary to use equations (1.90), (1.96), and (I.102) from the previous chapter for
the upper surface and equations (I1.104), (I.110), and (I.116) for the lower surface. For
convenience, these six homogeneous equations can be readily transformed using the
wellknown formulae such as exp(+ ©)=cosh(©)+sinh(®) and exp(x j©)=cos(©)+ jsin(0)
to deal with the following weight factors Foy = F| + F,, Fop = F) — F, Fo3 = F3 + F,
and Fyy = F53 — F4, where F| = FY + F‘z), F, = FO + F4), F5 = FS), and Fy = F9.
These weight factors were originally defined in the ninth subsection of the previous
chapter.

Therefore, in the case of the upper surface at x; = + d the mechanical, electrical,

and magnetic boundary conditions are respectively written as follows:

(eg*® + hy V|, sinh(kd)+ F,, cosh(kd )]

1.1
+b(CU® + 9" + hy*® F,, sinh(bkd )+ F,, cosh(bkd )| = 0 an

[F,, cosh(kd )+ F,, sinh(kd)fe@"" + [F,, cosh(bkd )+ F,, sinh(bkd )e@"® =0 (11.2)

[F,, cosh(kd )+ F,, sinh(kd)Jhyr*® +[F,, cosh(bkd )+ F,, sinh(bkd )Jhy*® =0 (I11.3)
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For the lower free surface at x; = — d, three homogeneous equations

corresponding to three boundary conditions can be transformed as follows:

(e@"® + hy " \F, sinh(kd)— F,, cosh(kd )]

(11.4)
+b(CU + e + hy® | F,, sinh(bkd)— F,, cosh(bkd)]=0
[F,, cosh(kd )— F,, sinh(kd )@ + [F,; cosh(bkd) - F,, sinh(bkd ) le@"™ =0 (IL.5)

[F,, cosh(kd )— F,, sinh(kd)Jhy*® +[F,, cosh(bkd ) - F,, sinh(bkd )Jh*® =0 (11.6)

In equations from (II.1) to (I1.6), k£ = k; is the wavenumber in the propagation

direction and the parameter b is defined by

b=\1=0/,, /.., ] (IL.7)

Using six homogeneous equations from (II.1) to (II.6), it is possible to construct
a suitable determinant of the boundary conditions. It is clearly seen in these six
equations that they have only four unknown weight factors Fy;, Fyp, Fo3, and Fyy
instead of the initial six. To reduce the number of the unknown weight factors is
possible because four eigenvalues defined by expression (I.51) consist of the first pair
of the equal roots and the second one. So, it is also necessary to reduce the number of
homogeneous equations to also cope with the four ones instead of the six. This
reduction can be done when one equation is used instead of equations (II.2) and
(I1.3). It is natural to use an equation that represents a product of a summation of
equations (II.2) and (IL.3). Also, the same product can be used instead of equations
(II.5) and (I1.6). Besides, it is necessary to remember that there are two different sets
of the eigenvectors: the first set is defined by equations (1.66) and (1.67) and the
second set is defined by equations (1.69) and (I.70). Accounting this fact, the fourth-

order determinant of the boundary conditions (BCD4) can be represented as follows:
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MV sinh(kd) MV cosh(kd) bM>® sinh(bkd) bM® cosh(bkd)

MV cosh(kd) MV sinh(kd) MV cosh(bkd) M sinh(bkd) |_ 0 (L)
MV sinh(kd) —MV cosh(kd) bMI® sinh(bkd) —bMP® cosh(bkd) ’
MO cosh(kd) —M P sinh(kd) MY cosh(bkd) — MV sinh(bkd)

where M and M® are used for the upper surface and M and M}® for the lower

surface. Employing equations (1.68) and (I.71), it is essential to state that

MIO‘S) _ Mf(s) _ 1+K:m
Mlo(l) M;](ll KZ

em

(IL9)

Exploiting equation (1.68), one can get for the upper surface that

2
MY =@V + hy"V =ea—he , M =CU® +e9" + hy" =(ear - h‘ﬂ:)i1 b If"”' (IL.10)

With equation (I.71) used for the lower surface, one can also get that

MY =e@"V + hy'Y =ep—har, MY® =CU® +e¢0" + hy" = (e — ha)lt{ilf:’" (IL11)

Indeed, one can also use equations (II.11) for the upper surface and equations
(I1.10) for the lower surface. However, it is apparent that this reverse case does not
change anything. Also, it is possible to use M" and M® for both the upper and
lower surfaces or M) and M}® for both the surfaces. It is possible to demonstrate
that in all the cases, the same results can be obtained. First of all, in equation (I1.8)
the first and second rows of the BCD4 must be divided by the parameter M" and the

rest two rows must be divided by M. Utilizing relations (11.9), equation (I1.8) can

be simplified to the following form:
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1 2 2

sinh(kd) cosh(kd) b *}(’fm sinh(bkd) b%cosh(bkd)

cosh(kd)  sinh(kd) cegih(bkd) gi"n};(bkd) _o (L12)
sinh(kd) —cosh(kd) b%sinh(bkd) —b%cosh(bkd)

cosh(kd) —sinh(kd)  cosh(bkd) — sinh(bkd)

It is clearly seen in equation (II.12) that the simplified determinant does not
depend on the parameters MV, M'®, M), and M?®. This determinant can be
further simplified by means of several mathematical operations applied to the
determinant rows. It is natural to add the first and second rows to the third and fourth
rows, respectively, and then, to multiply the resulting third and fourth rows by 2 and
to subtract them from the first and second rows, respectively. So, equation (I1.12)

with the transformed BCD4 reads:

2

0 cosh(kd) 0 b1 K osh(pra
K
0 sinh(kd ) e 0 sinh(bkd) 0 (IL13)
sinh(kd) 0 b—— e sinh(bkd) 0
cosh(kd) 0 cosh(bkd ) 0

It is transparent that the BCD4 in equation (II.13) consists of two independent
determinants of the second order. Exploiting definition (I1.7), the first two rows of the
BCD#4 result in the following dispersion relation for the determination of the phase

velocity V., of the first new plate SH-wave:

2

1= Vo b= 2 tan 1= 7,0 ) =0 (IL14)
+

em

Dispersion relation (I1.14) pertains to the case when the phase velocity is smaller
than the SH-BAW speed V., defined by expression (1.55). It is palpable in equation

(IT.14) that there exists only single dispersive mode for the new SH-wave in the
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transversely isotropic piezoelectromagnetic plate because the hyperbolic tangent is
changed between zero and unity for 0<kd <+ . Therefore, equation (I11.14) is for the
fundamental mode, also known as the lowest or zero-order mode.

For the case when the phase velocity is larger than the SH-BAW speed V., the
second hyperbolic tangent in equation (II.14) goes to tangent as a result of the
following equality: tanh(j©)= jtan(®). Thus, the phase velocity V., for the higher-

order modes of the new SH-waves in the plate is defined by

2

s (V) Vo 1= 2 tan VY 1) =0 (ILIS)

em

Utilizing the third and fourth rows of the BCD4 in equation (II.13) and
definition (II.7), the second possible dispersion relation can be obtained. The second
dispersion relation defined by equation (II.16) written below can determine the phase
velocity V., for the fundamental mode (V2 < Vien) of the second new plate SH-

wave. This reads:

2
ta{ k1= Vo W1~ 0V =2 tanb(kt) =0 (IL16)

em

Also, an infinite number of the higher-order modes of the second new plate SH-
wave can be found in the case of V., > Ve, For this case, equation (II.16) is

transformed into the following form:

2

KV Ve VN0V =12 tanh(hd) =0 (1117)

em

It is clearly seen in dispersion relations (II.14) and (II.16) that for a very large
value of the plate thickness kd, the phase velocity for both the new plate SH-waves
will approach the SH-SAW velocity corresponding to the surface Bleustein-Gulyaev-
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Melkumyan (BGM) wave [100, 101, 106, 107]. The surface BGM-wave was first
discovered by Melkumyan [107] in 2007. The speed of the nondispersive surface

BGM-wave can be calculated with the following explicit formula:

, 512
K
Vou :I/tem|:1_{1+;;”2 ] ‘| (H'IS)

Also, it is useful to discuss the explicit forms of the complete mechanical

displacement defined by expression (I.78) from the ninth subsection of the previous
chapter, complete electrical potential (I.79), and complete magnetic potential (I1.80).
These complete parameters depend on the unknown weight factors Fy;, Foy, Fo3, and
Fo4. The weight factors can be explicitly determined from the second row of equation
(I1.13) for the case of equation (I1.14) and from the last row for the cases of equations

(I1.16) and (I1.17). Therefore, they can be respectively written as follows;

F, =F,=0, F, = sinh(kd 1=, Vo) ) F,, =—sinh(kd) (IL.19)

Fy=F,=0, F, = COSh(de 1- (V»mwz/Vzem )2 ) s Foy= _COSh(kd) (11.20)

It is worth noting that for the case of equation (I1.15), the weight factor Fy, must have

the following forms: F,, =sin| kd\(V,,,,/V,.,) =1 | and F,, = jsinh(kd). Such forms lead
g 02 newl tem

to the real complete parameters defined by expressions (1.78), (I.79), and (1.80).
Figure II.1 shows the dependence of the normalized velocities of the new

dispersive SH-waves in the transversely isotropic piezoelectromagnetic plate. For a

relatively small value of the coefficient of the magnetoelectroelastic coupling

(CMEMC) K?,=0.3, the relation between the surface BGM-wave velocity and the
SH-BAW velocity is Vaud Viem ~ 0.973. This is shown in figure II.1 by the dotted

line. Below the velocity V., the velocity V., of the first new SH-wave in the plate
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starts at some value of kd ~ 4.4 and approaches the velocity Vzgy when the value of
the normalized plate thickness kd goes to infinity. Also, the velocity V., of the
second new SH-wave starts with V,,;,/Viem ~ 0.877 at kd = 0 and can reach Vggud Viem
at a large value of the nondimensional parameter kd. This fundamental mode cannot
exist below the minimum value of V,,;,/ Vi ~ 0.877. 1t is clearly seen in figure II.1

that only single modes called the fundamental modes can exist below the V.

1.0
N hY
% \\Vnewl/ Viem
1% VBGM/ Vtem Te—
S et . ceesee
[ —
> ~
o e
(5] )
N /
= f
E L
5 7V new2 Viem
Z 091 /
r
'I
0 10 20

Plate thickness kd

Figure II.1. The fundamental modes’ dispersion relations, where the normalized
velocities V,e1/Viem (black) and V,o/Vien (grey) are defined by equations (I1.14) and
(II.16), respectively; K2, =0.3.

The higher-order modes of the new dispersive SH-waves are shown in figures
1.2 and I1.3. It is expected that all the higher-order modes start at a very small value
of kd — 0 when all the velocities of the first and second new SH-waves go up to
some infinitely large values, see figure I1.3. Also, it is transparent that the velocities
of all the higher-order modes shown in figure 1.2 can approach the SH-BAW
velocity V., when the dimensionless parameter kd achieves infinity. However, this is
not true for the first higher-order mode shown by the dotted black line in the figure. It
is obvious that this first higher-order mode connects with the corresponding
fundamental mode about the SH-BAW velocity V., when the value of the parameter

kd is by about 4.4. Thus, it is possible that this first higher-order mode can be also
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called the fundamental mode due to this connection. Such peculiarity is absent for the

other higher-order modes shown by the dotted grey lines in both the figures. This

occurs due to the fact that the fundamental mode shown by the grey solid line in

figure II.1 cannot reach the value of the SH-BAW velocity V., and approaches the

SH-SAW velocity Ve

Normalized velocity

5 10
Plate thickness kd

Figure I1.2. The higher-order modes’ dispersion relations, where the normalized

velocities V,e1/Viem (black) and V,eno/Vien (grey) are defined by equations (I1.15) and

—

Normalized velocity

00

50

(I1.17), respectively; K2, =0.3.
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Plate thickness kd

Figure I1.3. The beginnings of the first three higher-order modes, where the

normalized velocities V,e1/Vien (black) and V,e,»/Vien (grey) are defined by equations

(IL.15) and (I1.17), respectively; K2, =0.3.
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It is possible to investigate the case of the other electrical and magnetic
boundary conditions applied to the free surfaces of the piezoelectromagnetic plate.
This work studies the cases of the homogeneous boundary conditions when the same
set of the boundary conditions is used for both the upper and lower free surfaces.

Therefore, the following chapters acquaint the reader with the other possibilities.
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Chapter 111

The Electrically Open and Magnetically Closed Boundary Conditions

This chapter studies the second possible case of the electrical and magnetic
boundary conditions. In the homogeneous case, the same boundary conditions are
utilized at the upper and lower surfaces of the piezoelectromagnetic plate. The
mechanical boundary condition is the mechanically free surface, the electrical
boundary condition is the electrically open surface (D; = 0), and the magnetic
boundary condition is the magnetically closed surface (B; = 0). It is thought that it is
convenient to exploit the weight factors Fy;, Fp, Fo3, and Fys. For the mechanical
boundary condition, it is natural to use equation (II.1) from the previous chapter for
the upper surface at x; = + d and equation (II.4) for the lower surface at x; = — d.
Also, equations (1.93) and (1.108) from the last subsection of Chapter I are likely for
the electrical boundary condition and equations (1.99) and (I.114) are suitable for the
magnetic one.

For the upper surface at x3 = + d, three homogeneous equations corresponding to

the mechanical, electrical, and magnetic boundary conditions read:

(e@"® + hy " |F, sinh(kd)+ F,, cosh(kd )]

111
+5(CU +e¢"® + hy" | F,, sinh(bkd ) + F,,, cosh(bkd)]=0 (1)
(0" + " ) F,, sinh(kd)+ F,, cosh(kd )] a2
—b(eU*® - £0°® — oy *® F,, sinh(bkd )+ F,, cosh(bkd )| = 0 '
(@™ + py"® \F,, sinh(kd )+ F,, cosh(kd )] (L3)

—b(hU" — " — 1y [F,, sinh(bkd)+ F,, cosh(bkd )| = 0

These three homogeneous equations for the lower free surface at x; = — d can be

written in the following forms:
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(eg*® + hy*V |, sinh(kd)— F,, cosh(kd )]

(111.4)
+b(CU +e¢"® + hy"® \F,, sinh(bkd ) — F,, cosh(bkd)]=0
(e0°® + " Y F,, sinh(kd) - F,, cosh(kd )] aLs)
—b(eU"® - £¢"® — oy " | F,, sinh(bkd)— F,, cosh(bkd)]=0 '
(a0"® + 1y \F,, sinh(kd ) — F,, cosh(kd)] QL)

~b(hU" — " — " |F,, sinh(bkd)— F, cosh(bkd)]=0

The existence of two different sets of the eigenvectors is the peculiarity that can
complicate the theoretical investigations of the SH-wave propagation in the
piezoelectromagnetic plate. It is obvious that it is necessary to separately treat each
case. Therefore, the following three subsections respectively study the cases when
only the first eigenvectors, only the second eigenvectors, and the first and second

eigenvectors are used.
IIL.1. The first eigenvectors

Exploiting the first eigenvectors defined by equations (1.66) and (1.67), it is
possible to significantly simplify the equations written above. Indeed, it is useful for
this case to introduce the following equalities:

2 2
o) _ 0" —geh  geh

£0"" + oV =ea—0e =0, U — 9" — oy = K2 + KT —oE— CK? +ea=0
(I11.7)

ap" + py'’ =a’ —gu, hU"® —ap®® — uy®® = aeg{;fhz + ge(izz -o’ - Cl’lljz +eu=0
(I11.8)

With equalities (II1.7) and (II1.8), it is flagrant that equations (II1.2) and (IIL.5)

can be excluded from the further consideration in this subsection. So, equations
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(II1.1) and (I11.3) for the upper surface and equations (I111.4) and (II1.6) for the lower
surface can be composed in the following forms, using relation (II.9) from the

previous chapter:

2
F,, sinh(kd )+ F,, cosh(kd )+ b%m} sinh(bkd )+ F,, cosh(bkd )]=0 (I11.9)

(eu— o [F,, sinh(kd )+ F,, cosh(kd)]=0  (II1.10)

2
F,, sinh(kd )— F,, cosh(kd )+ b ! “;(K en [ sinh(bkd) - F, cosh(bkd)]=0 (II1.11)

2
em

(eu— o JF,, sinh(kd ) F,, cosh(kd)]=0  (II1.12)

It is apparent that it is convenient to divide both equations (II1.10) and (II1.12) by
(eu — o). Then, it is natural to subtract equation (II1.10) from equation (IIL.9) and
equation (II1.12) from equation (III.11). As a result, equations (II1.9) and (III.11) can

be written in the following simplified forms:

F,, sinh(bkd )+ F,, cosh(bkd )= 0 (TI.13)

F,, sinh(bkd)— F,, cosh(bkd)=0 (I11.14)

It is blatant that equations (III.13) and (III.14) can give the following equation

for the determination of the phase velocity V), of the plate SH-wave:

sinh(kd1 -0, /v..) j =0 (111.15)

However, equation (III.15) has only single suitable solution such as V,, = V,,, at
any value of the dimensionless parameter kd. This is true because the function such as
the hyperbolic sine can be equal to zero when the argument equals to zero. This
means that the SH-BAW with the speed V,, can propagate in the

piezoelectromagnetic plate at any normalized plate thickness kd, but kd = 0 because
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the plate should have nonzero thickness. The solution such as V,,, = V., for equation
(II1.15) means that any dispersion relation, namely the dependence of the phase
velocity V), on the parameter kd cannot exist below the velocity V., of the SH-BAW
coupled with both the electrical and magnetic potentials.

For this case, it is also possible to discuss the complete parameters defined by
expressions (1.78), (1.79), and (I.80) from the ninth subsection of Chapter I. These
parameters depend on the unknown weight factors Fy,, Fp, Fo3, and Fo4. Utilizing b =
0 and equations (III.13) and (III.14), these weight factors can be found in the

following forms:
F, =F, =0, F,,=cosh(bkd)=1, F,, =sinh(bkd)=0  (II1.16)

On the other hand, equations (III.13) and (III.14) can be rewritten for the case
when the phase velocity V), is larger than the SH-BAW speed V,,,,. For this case, sine
and cosine are used instead of the corresponding hyperbolic functions. Therefore,

these equations read:

F,,jsin(bkd )+ F,, cos(bkd )= 0 (II1.17)

F,,jsin(bkd )~ Fy, cos(bkd )= 0 (TI1.18)

where

b=V VoS -1 (I11.19)

Consequently, the system of two homogeneous equations (II1.17) and (I11.18)
gives the following dispersion relation for the determination of the phase velocity

V,ews of the third new SH-wave propagating in the piezoelectromagnetic plate:

2sin(b,kd )cos(b kd ) = sin(2b,kd ) = 0 (I11.20)

68



It is clearly seen in equation (II1.20) that for this case of V,; > V., an infinite
number of modes of dispersive SH-waves can exist because sine is a periodic
function. Therefore, the velocity V,..; of the third new SH-wave can be expressed as

follows:

2
Vs =V 1+[ﬂj =123, (.21
2kd

It is worth noting that in definition (II1.21) n = 0 gives V,, = Vi, at any value of kd.
So, this is the case of the nondispersive SH-wave that is excluded in definition
(II1.21).

In this case, the weight factors Fy,, Fip, Fo3, and Fy4 can have the following
likely values to deal with the real complete parameters in equations (1.78), (1.79), and
(1.80):

Fy=F, =0, F,=cos(bkd), F,, =jsin(bkd) (IIL.22)

For V,;, > Viem, figure I11.1 shows several modes of the dispersive new SH-wave
propagating in the piezoelectromagnetic plate in the case of the homogeneous
boundary conditions at both the upper and lower surfaces of the plate. The values of
the normalized velocity V,.s/Vien of the third new SH-wave are calculated with
formula (I1.21) and shown by the black dotted lines in the figure. It is blatant that the
normalized velocity V,..3/Vien for each mode starts with an infinite value at kd — 0
and approaches unity when kd — oo, where £k is the wavenumber in the propagation
direction and d is the half-thickness of the piezoeletromagnetic plate as shown in
figure 1 in Introduction.

It is worth noticing that the dispersion relations in figure III.1 are valid for any

value of the CMEMC K’,. It is expected that the nondimensional value of the
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CMEMC can be changed from zero to unity. It is also assumed that the CMEMC
value can equal to zero for nonzero values of the material constants such as e, /, and
a. Indeed, the CMEMC value can have a negative sign for the case when a left-
handed material (metamaterial) is studied. Such metamaterials can possess both ¢ <0

and ¢ < 0. This can result in K2, <0, see formula (1.53) in Chapter I. However, for the
other cases when only either 4 < 0 or ¢ < 0 there is a probability that K2, =0 can

occur. For zero value of the CMEMC when V,,,, = Va4, it is convenient to use the

velocity V4 defined by the first formula in expressions (1.53).

Normalized velocity

......

1
Plate thickness kd

Figure IIL.1. The higher-order modes, where the normalzed velocity V,e,.3/Vien 1S

defined by equation (II1.21).

HL.2. The second eigenvectors

Employing the second eigenvectors defined by equations (1.69) and (1.70), one
can find that

2 2
os) _ Me 2oz.eh shz - aelzz rat =0
CK, CK CK

em em em

(111.23)

0(1)

0"V + oy’ =gu—-a*, eU'® — g9’

_a'//
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2 2
o) _ eldh 2ath 4 (){h2 —ou- e,u]zz
CK CK,, CK,,

em

0(1) 0(l)

ap"" + uy

0(5) _

=ou—pa=0, hU"® —ap

uy +ogr=0

(I11.24)

These values of the second eigenvectors written above lead to the following four

homogeneous equations:

2
F,, sinh(kd )+ F,, cosh(kd )+ bllﬁ [F,, sinh(bkd )+ F, cosh(bkd)]=0 (II1.25)

2
em

(eu— o JF,, sinh(kd )+ F,, cosh(kd)]=0  (II1.26)

1+ K .
< [F,. sinh(bkd ) — F,, cosh(bkd)]=0 (I11.27)

em

F,, sinh(kd)— F,, cosh(kd)+b

(eu— o \F,, sinh(kd ) - F,, cosh(kd)]=0  (II1.28)

It is clearly seen that these four equations written above are identical to four
equations from (II1.9) to (II1.12) written in the previous subsection. So, it is flagrant
that the second eigenvectors and relations (I11.23) and (I11.24) actually lead to the
same solution defined by expression (III.21) in the previous subsection. The
dispersion relations for the case of V,, > V,, are shown in figure III.1 which shows
the behavior of the higher-order modes because the fundamental mode does not exist

for the case of V},;, < V.
II1.3. The first and second eigenvectors

This subsection treats the third possible case when first eigenvectors (1.66) and
(1.67) are used for the upper free surface of the plate and second eigenvectors (1.69)
and (I.70) are utilized for the lower free surface. It is thought that the converse
configuration must give the same results for the case of the homogeneous boundary
conditions because the upper and lower surfaces are identical. It is obvious that for

the upper surface, equations (II1.9) and (II1.10) must be considered. For the lower
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surface, equations (I11.27) and (I11.28) must be chosen. It is flagrant that in this case
of the first eigenvectors for the upper surface and the second eigenvectors for the
lower surface, the results will be the same to those obtained in the first subsection
because equations from (II1.9) to (II1.12) are identical to equations from (II1.25) to
(1I1.28).

72



Chapter IV

The Electrically Open and Magnetically Open Boundary Conditions

It was demonstrated in Chapters II and III that the exploitation of different
electrical and magnetic boundary conditions can lead to different results. The
electrical and magnetic boundary conditions used in these two chapters soundly result
in the existence of the certain solutions which do not depend on the used
eigenvectors. This chapter studies the SH-wave propagation in the transversely
isotropic piezoelectromagnetic plate when the following mechanical, electrical, and
magnetic boundary conditions are utilized for both the upper and lower free surfaces
of the plate: mechanically free (g3, = 0), electrically open (D5 = 0), and magnetically
open (y = 0) surface. Therefore, it is natural to use suitable equations obtained in the
previous two chapters. For the upper free surface at x; = + d, equations (II.1), (II1.2),
and (II.3) are the suitable three homogeneous equations corresponding to three
boundary conditions. For the lower free surface at x; = — d, equations (IL.4), (IIL5),
and (IL.6) are the suitable ones. These six homogeneous equations are written with the
weight factors Fy, Fo,, Fo3, and Fy, for convenience and defined below.

At x; = + d, the mechanical, electrical, and magnetic boundary conditions are

respectively written as follows:

(" + hy "\, sinh(kd )+ F), cosh(kd)]

0(5) 0(5) 0(5) . _ (IVI)
+b(CU + 9" + hy"® |F,, sinh(bkd ) + F,, cosh(bkd )] =0

(0" + " | F,, sinh(kd)+ F,, cosh(kd )]

V.2
—b(eU*® - £0°® — oy *® F,, sinh(bkd )+ F,, cosh(bkd )| = 0 (v-2)

[F,, cosh(kd )+ F,, sinh(kd )jy"® + [F,, cosh(bkd )+ F,, sinh(bkd )lyr*® =0 (IV.3)
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For the lower free surface at x3 = — d, three homogeneous equations

corresponding to three boundary conditions can be transformed as follows:

(e@*® + hy "V |, sinh(kd)— F,, cosh(kd )]

Iv.4
N b(CU(](S) +e@" +h ,/,0<5’)[Fo3 sinh(bkd )~ F, cosh(bkd )]|=0 ( )

(e0°® + o | F,, sinh(kd)— F,, cosh(kd )]

IV.5
—b(eU™ — £9™ — oy *® ) F,, sinh(bkd ) - F,, cosh(bkd )] =0 (v-3)

[F,, cosh(kd)— F,, sinh(kd )" +[F,, cosh(bkd )— F,, sinh(bkd )}y =0 (IV.6)

Using the eigenvector components, these six homogeneous equations can be
further transformed. Therefore, the following subsections deal with the different

cases when the different eigenvectors are utilized.
IV.1. The first eigenvectors

Exploitation of the first eigenvectors defined by expressions (I1.66) and (1.67)
means that relations (I1.10) and (II1.7) must be accounted for the six homogeneous
equations written above. Employing relations (11.9) and (II.10) for equations (IV.1)

and (IV.4), the last two equations can be transformed into the following forms:

2
F,, sinh(kd )+ F,, cosh(kd )+ b % [F,, sinh(bkd )+ F,, cosh(bkd )]=0 (IV.7)

2
F,, sinh(kd )— F,, cosh(kd)+b It Ifm [F,, sinh(bkd ) F,, cosh(bkd)]=0 (IV.8)

Using expressions (I11.7), equations (IV.2) and (IV.5) can be excluded from the
further considerations in this subsection because they are vanishing. Utilizing the first
eigenvectors defined by expressions (1.66) and (1.67), equations (IV.3) and (IV.6) can

be composed as follows:
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2 g2
F,, cosh(kd )+ F,, sinh(kd ) + u [F,, cosh(bkd )+ F,, sinh(bkd)]=0 (IV.9)

em

2 _ g2
F,, cosh(kd)— F,, sinh(kd ) + KKizK [F, cosh(bkd)— F,, sinh(bkd )]=0 (IV.10)

em

where K’ represents the coefficient of the electromechanical coupling (CEMC).

Unlike the material characteristic of the two-phase materials such as the CMEMC

2
Kem >

the CEMC K? is the material characteristic of a single-phase material such as a

pure piezoelectrics and can be defined by the following expression [100, 101]:
Kl=— (IV.11)

It is natural to further transform the first pair of equations (IV.7) and (IV.8) and
the second pair of equations (IV.9) and (IV.10). These transformations can be done in
the similar manner completed in Chapter II. First, it is possible to treat equations
(IV.7) and (IV.8). It is possible to add equation (IV.8) to equation (IV.7). The
resulting equation can be divided by % and then subtracted from equation (IV.8). The
same simplifications can be carried out with equations (IV.9) and (IV.10). As a result,
these four equations can be grouped into two independent pairs, of which the first
pair consists of two equations only with the weight factors Fyy; and Fy;, but the second
pair of equations is coupled with the weight factors F, and Fy,. Thus, the first system

of two homogeneous equations can be introduced in the following forms:

K2 —K?
F,, cosh(kd )+ ———=< F,, cosh(bkd ) =0 (IV.12)

em

. 1+K? .
F,, sinh(kd )+ b—— F,, sinh(bkd )= 0 (Iv.13)

The second system of two homogeneous equations can be written as follows:
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1+K?
F,, cosh(kd )+ b——<"F,, cosh(bkd )= 0 (IV.14)

em

K2 -K’?
F, sinh(kd)+%5}4 sinh(bkd )= 0 (Iv.15)

em

These four equations are valid for the case when the phase velocity V), is smaller
than the SH-BAW speed V. It is evident that the first pair of these four equations
written above can reveal the velocity V., of the fourth new SH-wave propagating in
the plate. Indeed, equations (IV.12) and (IV.13) actually lead to the following

dispersion relation:

2 g2
B 25 tanh(bd) 1= (/Yo tah(Kd 1=V, F ) =0 (V.16)

em

Using equation (IV.12), the weight factors are defined as follows:

K2 —K?
F,=F, =0, F, =—=_—<cosh(bkd), F,, =—cosh(kd) (Iv.17)

em

Considering the second pair of equations (IV.14) and (IV.15), the velocity V,..s
of the fifth new SH-wave propagating in the plate can be revealed. The corresponding

dispersion relation reads:

2

2
= (e Ve tanh(bd) = 22 5 1= (1, )0 (IV.18)

Utilizing equation (IV.14), the weight factors can be determined as follows:

2
Fyy=Fyy =0, Fy=b'"Ken cosh(bd), F, =—cosh(kd) (IV.19)
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Following the results obtained in Chapter II, it is possible to mention that the
fundamental modes of the first and second new SH-waves shown in figure II.1 are
calculated with dispersion relations (II.14) and (IL.16), respectively. It was discussed
in Chapter II that the velocities of both the new SH-waves approach surface BGM-
wave [100, 101, 105, 106, 107] for a large value of the dimensionless plate thickness
kd. Dispersion relation (IV.18) qualitatively looks like dispersion relation (I1.14) with

the single significant difference such that the parameter X defined by expression

(IV.11) is absent in equation (II.14). The same difference can be found when
dispersion relations (I1.16) and (IV.16) are analyzed for comparison. Therefore, the
fundamental modes of the fourth and fifth new SH-waves defined by dispersion
relations (IV.16) and (IV.18) can also approach some surface SH-wave at kd — oo.
This surface SH-wave is called the piezomagnetic exchange surface Melkumyan
wave or PMESM wave [105]. The surface PMESM-wave was first discovered by
Melkumyan [107] in 2007 and also studied in Refs. [100, 101, 105, 106]. The speed
of the nondispersive PMESM-wave is explicitly defined by the following formula:

12
K2, -K2Y
Vevesu = Vzem|:1 _( “ < ] :1 (IVZO)

1+ K2

em

It is also indispensable to study the case when V,, > V,,, occurs. Exploiting
expression (II1.19) from the previous chapter and the wellknown formulae such as
cosh(bkd)=cos(bkd) and sinh(bkd)= jsin(hkd), equations (IV.12) and (IV.13) can be

readily transformed into the following forms:

K2 -K?
F,, cosh(kd )+ %FM cos(bkd)=0 (Iv.21)

em

. 1+K .
F,, sinh(kd)—b,——“ F,;sin(bkd)=0 (IvV.22)
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As a result, dispersion relation (IV.16) for the determination of the velocity V.4
of the fourth new SH-wave can be rewritten for the case of V,, > V,,,, in the following

form:

2 2
P e tanb(ka b tanf ka1 P =T W0V -1=0 (V23)

em

Also, the weight factors for the case of equations from (IV.21) to (IV.23) read:

2 2

F,=F,=0, F, = Ko K, cos(bkd), Fy, =—cosh(kd)" (Iv.24)

2
em

where the parameter b, is defined by expression (II1.19).
Concerning the case of V), > V., it is also possible to transform the second pair
of equations (IV.14) and (IV.15). These equations can be transformed into the

following forms:

1+ K2
Fy, cosh(kd )+ jb, —— F,, cos(bkd )= 0 (TV.25)

K2 -K?
Fy, sinh(kd)+ j———=<F,, sin(bkd)=0 (TV.26)

Consequently, the velocity V,.,s of the fifth new SH-wave propagating in the
plate can be revealed for the case of V,, > V., by utilizing the following modified

form of dispersion relation (IV.18):

2

2
tan(d W75 V., ] =1 - E = P tan ka1 P -1) =0 (V27)

em
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The corresponding weight factors are defined by

2
Fy = Fy =0, Fy=b " Ken cos(pkd), Fy, = joosh(kd) (IV.28)

2

em

The weight factor Fy, in expressions (IV.28) is chosen imaginary because such
choice allow the complete mechanical displacement (1.78), complete electrical

potential (1.79), and complete magnetic potential (I.80) to stay real parameters.
IV.2. The second eigenvectors

In the case of the first and second eigenvectors, equations (IV.1) and (IV.4) can
be transformed into the same forms, see equations from (I1.9) to (II.11). For the case
of the second eigenvectors defined by expressions (1.69) and (1.70), equations (IV.7)
and (IV.8) from the previous subsection can be used and multiplied by u for the

further transformations. So, they read:

2
gulF,, sinh(kd )+ F,, cosh(kd )]+ 6@%[1’03 sinh(bkd )+ F, cosh(bkd)|=0  (IV.29)

em

2
1+K,,
2

em

gulF,, sinh(kd ) - F,, cosh(kd )]+ &ub [F,, sinh(bkd )— F, cosh(bkd)]=0  (IV.30)

Exploiting expressions (I11.23), equations (IV.2) and (IV.5) can be written in the

following forms for clearance:

(61— o [ F,, sinh(kd )+ F,, cosh(kd )]+ 0% [F,; sinh(bkd )+ F,, cosh(bkd)]=0  (IV.31)

(u— o JF,, sinh(kd ) - F,, cosh(kd )]+ 0x[F,, sinh(bkd ) - F,, cosh(bkd)|=0  (IV.32)

Utilizing second eigenvectors (1.69) and (1.70), equations (IV.3) and (IV.6)

multiplied by the electromagnetic constant o read:

79



2 g2
- 0*[F,, cosh(kd)+ F,, sinh(kd )] - o M[Fm cosh(bkd )+ F,, sinh(bkd )] =0 (IV.33)
2

em

2 g2
- 0*[F,, cosh(kd)— F,, sinh(kd )| - o M[Fm cosh(bkd )— F,, sinh(bkd )] =0 (IV.34)
KZ

em

In equations (IV.33) and (IV.34) there is the parameter K. also used in Refs.
[100, 101, 102]. It couples together the third term with electromagnetic constants ¢ in
the numerator of the CMEMC defined by the second expression in definitions (I.53)

and the second term in the denominator. This material characteristic is therefore

defined by:

K= gz” - %’; (IV.35)

Because of the fact that there are only four unknown weight factors Fyy, Fyy, Fos,
and Fjq, it is blatant that it is convenient to deal with four homogeneous equations
instead of the first six equations written above in this subsection. To reduce the
number of equations from six to four, it is natural to properly transform equations
(IV.29), (IV.30), (IV.33), and (IV.34). For this purpose, it is possible to treat the first
pair of equations (IV.29) and (IV.33). It is obvious that each of these two equations
must have the same first term which must be equal to the first term in equation
(IV.31). Accounting equation (IV.33) for several simple transformations of equation

(IV.29), the last equation can be finally introduced in the following form:

2
(u— 2 | F,, sinh(kd)+ F,, cosh(kd )|+ &ub I+ [f en [F,  sinh(bkd )+ F,, cosh(bkd )]
— &[F,,(cosh(kd ) - sinh (kd )) + Fy, (sinh(kd ) - cosh(kd))] (IV.36)
, K -K?

—o == [ cosh(bkd)+ Fy, sinh(bkd )] = 0

em
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Accounting equation (IV.29) for several simple transformations of equation (IV.33),

the last equation can be obtained in the same form written above in equation (IV.36).
It is overt that the same transformations can be done with the second pair of two

equations (IV.30) and (IV.34). Indeed, these two equations can be separately

transformed into the following form:

(61— o | F,, sinh(kd)— F,,, cosh(kd )]+ e,ub [FM sinh(bkd )— F), cosh(bkd )]
- [F (cosh(kd )—sinh(kd))— F,, (sinh(kd )— cosh(kd ) (IV.37)
apep.e : [Fm cosh(bkd)— F,, sinh(bkd )] =0

em

So, the resulting system of four homogeneous equations (IV.31), (IV.32),
(IV.36), and (IV.37) with four unknown weight factors Fy;, Fy,, Fo3, and Fy, must be
further treated. It this set of four equations, it is also necessary to account the fact that
Fyy = Fp, = 0. This equality is clearly seen in equations (IV.31) and (IV.32).
Therefore, equations (IV.31) and (IV.37) can be rewritten in the following simplified

forms:

2
Fo{gyb 4 Ko Ginh(bhd)— o Ken K cosh(bkd)]
Ko (IV.38)
2
04(5;4]7 e cosh(bkd ) - o usmh(b/ml)J 0
, K2 -K?
ﬂ{g,ub Kon smh(bkd ) Mcosh(bkd )J
(IV.39)
S K2 K2

04(5;117 en cosh(bkd)— o smh(bkd)J 0

em

It is clearly seen in equations (IV.38) and (IV.39) that they have only the single
difference such as the sign before the weight factor Fys. As a result, the following
dispersion relation for the determination of the velocity V. of the sixth new SH-

wave propagating in the plate can be obtained by using equation (IV.38) or (IV.39):
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o K, -K,
\/1 =V Vi)' tanh(kd\/l (Ve /Y ) - E W =0 (IV.40)

Fy=F,=F,=0, F;=1 (IV41)

It is also flagrant that equations (IV.38) and (IV.39) lead to the following second
dispersion relation for the determination of the velocity V.., of the seventh new SH-

wave that is written with the corresponding weight factors as follows:

1= 0 V) = B b a1 7, )=0 (IV.42)

au 1+K;,

Fy=Fy=Fy=0, F, =1 (IV.43)

It is worth noting that dispersion relations (IV.40) and (IV.42) are valid for the
case of V,, < Vin. Thus, these dispersion relations reveal the fundamental modes.
These zero-order modes can exist in this case because the corresponding SH-SAW
discovered by the author in previous work [101] can propagate with the velocity
defined by expression (163) in book [101], see also expression (5) and (6) in paper
[105] available on-line for an open access. However, this SH-SAW has a peculiarity
such that this SH-SAW speed is slightly smaller than the SH-BAW speed V. So,
the value of this SH-SAW velocity is situated significantly closer to the value of the
SH-BAW velocity V., in comparison with the other SH-SAWs mentioned in the
previous subsection, Chapter II, and the following chapter.

In the case of V,;, > Vi, dispersion relations (IV.40) and (IV.42) are respectively

transformed into the following forms:

a K., -K:
tan(kd \/ (A 1)\/ Vs /Vien)' =1+ o 11K =0 (IV.44)

em

2 2

2
z_l_ﬁut (kd v Vv 2_1]:0 V.45
E,U 1+Kezm an| ( new7/ lem) ( )

Vrr Viem)
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IV.3. The first and second eigenvectors

In this case, first eigenvectors (1.66) and (1.67) are used for the upper free
surface of the piezoelectromagnetic plate at x; = + d, and the second eigenvectors
(1.69) and (1.70) are employed for the lower free surface at x; = — d. Therefore,
equations (IV.7) and (IV.9) from the first subsection of this chapter can be borrowed
for the upper surface. They read:

2
F,, sinh(kd )+ F,, cosh(kd )+ b 1Ko, [F,, sinh(bkd )+ F,, cosh(bkd )]=0 (IV.46)

2

em

2 2
F,, cosh(kd )+ F,, sinh(kd )+ K””’izKe [F,, cosh(bkd )+ F,, sinh(bkd )]=0 (IV.47)

em

For the lower surface at x; = — d with the second eigenvectors (1.69) and (1.70),
the corresponding equations are equations (IV.30), (IV.32), and (IV.34) from the
previous subsection. These three homogeneous equations can be written as the

following two equations:

2
1+K,,
2

em

gulF,, sinh(kd ) - F,, cosh(kd )]+ &ub [F,, sinh(bkd )— F, cosh(bkd)]=0  (IV.48)

(eu - & | F,, sinh(kd ) - F,,, cosh(kd )]+ 0x[F,, sinh(bkd ) — F,, cosh(bkd)|=0  (IV.49)
K2 —K2
- &’[Fy, cosh(kd ) F,, sinh(kd )| - o ==« [F,, cosh(bkd) - F,, sinh(bkd )]=0 (IV.50)

em

These three homogenous equations written above can be reduced to two ones.
Indeed, both equations (IV.48) and (IV.50) can be separately transformed into the

following form:
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1+K2,

2
- [, cosh(bd ) sinh(kd) - o sinh(ka) - cosh (k)] avsh
pe M[FOJ cosh(bkd ) F,, sinh(bkd )]=0

2
em

(6~ \F,, sinh(kd)— F,,, cosh(kd )]+ b [F,, sinh(bkd )= Fy, cosh(bkd )]

So, it is natural to use equation (IV.51) instead of equations (IV.48) and (IV.50)
to have four homogeneous equations with four unknown weight factors Fy;, Fpo, Fos,
and Fy4. Using equation (IV.49), it is possible to record the following relationship

between the weight factors Fy; and Fy:
F, sinh(kd )= F,, cosh(kd) (IV.51)

Next, utilization of relation (IV.51) for equations (IV.46), (IV.47), and (IV.51)
leads to the following three homogeneous equations for the determination of three

weight factors:

2
F,, sinh(2kd )+ b%cosh(kd)[lfm sinh(bkd )+ F,, cosh(bkd )] =0 (IV.52)

em

2 2

F,, cosh(2kd ) + K";( K. cosh(kd )|F,, cosh(bkd )+ F,, sinh(bkd )] =0 (IV.53)

2
em

2 2
~ % F b K cosh(ka ), sinh(bkd )~ Fy, cosh(bkd)]

g/'l em
o (IV.54)
o K, - K .
- —Ta cosh(kd )| F,; cosh(bkd) - F,, sinh(bkd )] = 0
g/'l em

It is convenient to use the second of these three equations written above to
determine Fj; as a function of Fy; and Fy,. Thus, the following two homogeneous
equations for determination of Fj; and Fy, can be obtained from equations (IV.52)

and (IV.54):
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2 2
F,, [b tanh(bkd)—Kl“'"f"tanthd)J

(IV.55)
K2 -K?
+F, b—li‘tanh(de)tanh(bkd) =0
2 2 g2 2 g2 2
X K;Kemife_,_btanh(bkd) o K, —K,
&u cosh(2kd) 1+K2, g 1+K2
(IV.56)

s 2 2 2 2 2
Rl b KK n(okd) - b+ & K= K o) | =
& cosh(2kd) 1+K, 1

em em

As a result, the following complicated dispersion relation for the determination

of the velocity V., of the eighth new SH-wave can be written as follows:

2 g2
S Er; %mm(zkdﬁmh(w\/l T )|

em

05 K2 > 0[2 K(,Z,,,—K;
&u COSh de 1+K2 ( WWS/ ’m) tanh(kd 1- ( neMS/ rem) )_772

[ au 1+K,,
KL’Z”I_KFZ
{ 1- lwhS/ tem tanh(kdvl (mwX/ Icm)) 1+Ke2m’ tanh(de)J
lo K* -K?> K? -K?
= on e y Ttem e tanh(kd 1- ) 1- =0
[Sﬂ[mh ) R =0V A=V Vo)
(IV.57)

Note that dispersion relation (IV.57) is for the case of V,;, < V., and it can be
readily transformed into the corresponding dispersion relation for the case of V,, >
Viem- This is like the previous transformations carried out several times in the previous
subsections and chapters. So, it is thought that these transformations are already clear
and there is no necessity to repeat them because it is necessary to save space for the
following chapters. It is obvious that for V,, < V., there can exist only single
fundamental mode and for V,, > V., an infinite number of the higher-order modes
can be found because the hyperbolic tangent goes to the periodic function such as
tangent. It is worth noting that obtained dispersion relation (IV.57) is for the case

when all four weight factors Fy;, Fip, Fo3, and Fy4 can have some nonzero values.
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This is true because Fy; and F, are soundly found from relation (IV.51) and the other
couple of the weight factors can be found from relation (IV.55) or (IV.56). However,
it is possible to demonstrate that an additional dispersion relation can be also found
for this mixed case when the first eigenvectors are used for the upper surface of the
plate and the second eigenvectors are exploited for the lower surface. Note that this
second case is for Fy; = Fpp =0.

For this purpose, consider five homogeneous equations from (IV.46) to (IV.50)
anew. It is possible to separately transform equations (IV.46) and (IV.47) into the
same equation. These transformations are similar to those carried out for equations
(IV.48) and (IV.50). So, both equation (IV.46) and (IV.47) can be led to the

following form:

2 2 2
F, (b sinh(bkd)—“wcosh(bkd)J
& 1+K,,
(IV.58)

2 g2 g2
+ Fm(b cosh(pid ) -2 Ken K. sinh(bkd)] =0

2

gu 1+K,,

In equation (IV.58), it is already accounted that this is the case when Fy; = Fy,
=0 and the weight factors Fy; and F, must be found. Consequently, equation (IV.51)

reads as follows:

2 g2 g2
F(,{bsinh(bkd)—aK K J

enm 123 hbkd
e 1+K?2 cosh(bkd)

em

(IV.59)

2 2 2
- F(,{b cosh(bkd)— “Km_fasinh(bkd)j =0
&u 1+ K,

For this reason, the following dispersion relation for the determination of the

velocity V.9 of the ninth new SH-wave is composed as follows:
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2\ (g2 _p2\w2 _x2
B

e (1+&2) (IV.60)
2 2 g2 g2
N R0 S AR
g 1+K,

Obtained dispersion relation (IV.60) is apt for the case of V), < V. The weight
factors Fo; and F4 can be found from equation (IV.58) or (IV.59). Expression (IV.60)
is relatively simple and can be therefore rewritten for the case of V,, > V., as

follows:

2N (2 _w2Yr2 _x2
[1—<V,,W.9/V,m o) ol KJ}an(zkd VeV 1)

2 2
& (1+&2) (IV.61)
2 hp2 _ g2 g2
R N (AN
&u 1+ K,

It is also possible to treat the reverse case when equations (IV.8) and (IV.10) are
used for the upper surface of the piezoelectromagnetic plate and equations (IV.29),
(IV.31), and (IV.33) are utilized for the lower surface. For this reverse case,
equations (IV.57) and (IV.60) also represent dispersion relations. This means that all

possible dispersion relations were found.
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Chapter V

The Electrically Closed and Magnetically Closed Boundary Conditions

The previous chapter has provided dispersion relations for propagation of
several new SH-waves in the piezoelectromagnetic plate when the upper and lower
free surfaces of the plate are mechanically free (o3, = 0), electrically open (D; = 0),
and magnetically open (y = 0) surfaces. This chapter studies the other possible case
when the mechanical boundary condition remains the same, the electrical one
represents the electrically closed surface (¢ = 0), and the magnetic one is the
magnetically closed surface (B; = 0).

Exploiting the weight factors Fy, Fop, Fo3, and Fy,, the mechanical, electrical,
and magnetic boundary conditions are respectively written for the case of the upper

surface at x; = + d in the following forms:

(eg*® + hy*V |, sinh(kd)+ F,, cosh(kd )]

\Al
+b(CU +e¢"® + hy"® F,, sinh(bkd )+ F,, cosh(bkd)]= 0 V.
[F,, cosh(kd )+ F,, sinh(kd )Jp"® + [F,, cosh(bkd )+ F,, sinh(bkd )|p"® =0 (V.2)

(0" + uy"" \F,, sinh(kd )+ F,, cosh(kd)]
—b(hU"® — ap"® — 1y | Fy sinh(bkd )+ F, cosh(bkd )| = 0

(V.3)
These three homogeneous equations written above represent equations (II.1), (IL.2),
and (I11.3) given in the second and third chapters.

For the lower free surface at x3 = — d, three homogeneous equations

corresponding to three boundary conditions can be introduced in the following forms:

(" + hy V|, sinh(kd)— F,, cosh(kd)]

V.4
+b(CU +e¢"® + hy |F,, sinh(bkd)— F,, cosh(bkd)]=0 V4
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[F,, cosh(kd)— F,, sinh(kd )jp"" + [F,, cosh(bkd) - F,, sinh(bkd )]p"® =0 (V.5)

(0" + 1y \F,, sinh(kd ) - F,, cosh(kd)]
—b(hU"® — 0" — 1y | F, sinh(bkd ) F,, cosh(bkd )] =0

(V.6)
These three equations represent equations (I1.4), (IL.5), and (I11.6) given in the second
and third chapters. So, these six homogeneous equations written above must be
further transformed. For this purpose, only the first eigenvectors or only the second

eigenvectors, or the first and second eigenvectors can be used.
V.1. The first eigenvectors

The first eigenvectors are defined by expressions (I.66) and (1.67). Also,
relations (I1.10) and (III.7) must be accounted for the six homogeneous equations
written above. It is obvious that equations (IV.7) and (IV.8) from the previous
chapter are also valid here because the mechanical boundary condition remains the

same. Thus, equations (V.1) and (V.4) are written as follows:

1+K .
~<[F,. sinh(bkd )+ F,, cosh(bkd)|=0 (V.7)

em

F,, sinh(kd )+ F,, cosh(kd )+ b

2
F,, sinh(kd ) F,, cosh(kd)+b It Ifm [F, sinh(bkd )— F,, cosh(bkd )]=0 (V.8)

Equations (V.2) and (V.5) corresponding to the electrical boundary condition
can be rewritten in the following forms, utilizing the first eigenvectors defined by

expressions (1.66) and (1.67):

2 g2
- 0*[F,, cosh(kd)+ F,, sinh(kd )] - o KizKa [F,, cosh(bkd )+ F,, sinh(bkd )]=0 (V.9)

em

2 g2
—o*[F,, cosh(kd) - F,, sinh(kd )] - o [(””’72]<“‘[F03 cosh(bkd )— Fy, sinh(bkd )] =0 (V.10)

em
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where both equations were multiplied by the electromagnetic constant a.
Finally, equations (V.3) and (V.6) corresponding to the magnetic boundary
condition can be significantly simplified by using relation (II1.8) from Chapter III.

Therefore, these two equations are rewritten in the following simplified forms:

(& — u)F,, sinh(kd )+ F,, cosh(kd )] - 0x[F,, sinh(bkd )+ F,, cosh(bkd)|=0  (V.11)

(o — eu)|F,, sinh(kd ) - F,,, cosh(kd)]— 0x[F,,, sinh(bkd ) - F,, cosh(bkd)|=0  (V.12)

It is clearly seen that equations (V.9) and (V.10) written for the electrical
boundary conditions represent equations (IV.33) and (IV.34) from the second
subsection of the previous chapter written for the magnetic boundary condition,
respectively. Also, equations (V.11) and (V.12) written for the magnetic boundary
condition represent equations (IV.31) and (IV.32) from Chapter IV written for the
electrical one, respectively. As a result, it is possible to state that this case of the
electrical and magnetic boundary conditions with the first eigenvectors can give the
same dispersion relations (IV.40) and (IV.42) obtained in Chapter IV for the second
eigenvectors. Dispersion relations (IV.40) and (IV.42) are valid for the case of V), <
Vienw When the velocities V.. and V,.; of the sixth and seventh new SH-waves
(fundamental modes) can be calculated. For the higher-order modes with V,, > Vi,

these velocities V.6 and V.7 can be calculated with formulae (IV.44) and (IV.45).
V.2. The second eigenvectors
For the second eigenvectors, equations (V.7) and (V.8) corresponding to the
mechanical boundary condition are also valid. This is true due to relations from (I1.9)

to (IL.11). Using second eigenvectors (1.69) and (I1.70), equations (V.2) and (V.5)

corresponding to the electrical boundary condition are written as follows:
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2 g2
F,, cosh(kd)+ F,, sinh(kd ) + Kf"’isz[Fm cosh(bkd )+ Fy, sinh(bkd)|=0 (V.13)

em

2 g2
F,, cosh(kd)— F,, sinh (kd ) + KKiK [F; cosh(bkd ) - F,, sinh(bkd)|=0 (V.14)

em

where K represents the coefficient of the magnetomechanical coupling (CMMC).

Unlike the material characteristic of the two-phase materials such as the CMEMC

the CMMC K is a material characteristic of a single-phase material such as a

am >

pure piezomagnetics. It can be defined by the following expression [100, 101]:

»?
Cu

KZ

m

(V.15)

It is apparent that equations (V.3) and (V.6) are vanishing because there are two
zero factors defined by expression (II1.24) from Chapter III. Also, equations (V.13)
and (V.14) look like equations (IV.9) and (IV.10) from the first subsection of the
previous chapter. However there is the single significant difference such that

equations (V.13) and (V.14) use the CMMC K, but not the CEMC Kk’ used in

m?

equations (IV.9) and (IV.10). So, it is possible to use K instead of K’ in dispersion

relations (IV.16) and (IV.18) obtained in the previous chapter. Therefore, it is
possible to determine the velocities V10 and V,.,1; of the tenth and eleventh new
SH-waves propagating in the transversely isotropic piezoelectromagnetic plate. For
the fundamental modes with V), < V., these corresponding new dispersion relations

respectively read:

K. -K,
S anh (k)= 1= (V0 Vo) a0 k1= (7Y, ) )=0 (V.16)

1+K

em

Kem K/i
=V tanh (k) = =222 b k1= 7, V) )20 (V.1T)

em
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It is transparent that for kd — oo, both the velocities V.10 and V.1 of the
dispersive SH-waves propagating in the plate will approach some nondispersive SH-
SAW velocity recently discovered by Melkumyan [107]. This SH-SAW velocity is
called the piezoelectric exchange surface Melkumyan wave or PEESM wave [105]

and is defined by the following expression:

1+K?

em

12
K2 -K2Y
Voresu :Vm|:1_(emm] :1 (VIS)

For the case of V},, > V., dispersion relations (V.16) and (V.17) are transformed

into the following forms:

2 g2
B =2 tan(d )~ tanh KV Vo =1 WV =120 (V.19)

em

2 2

(kN V1V =1 =2z tanh KV VP =1)=0 (V.20)

em

It is worth noticing that dispersion relations (V.19) and (V.20) can reveal an infinite
number of the higher-order modes of the new dispersive SH-waves propagating in the

transversely isotropic piezoelectromagnetic plate.
V.3. The first and second eigenvectors

In this case, the first eigenvectors must be used for the upper surface and the
second ones for the lower surface. However, it is also possible to use the reverse case
when second eigenvectors are utilized for the upper surface and the first ones for the
lower surface. The resulting two dispersion relations must be the same for both the
cases. This is similar to the cases treated in the third subsection of the previous

chapter. It is also possible even to use two dispersion relations (IV.57) and (IV.60)
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obtained in Chapter IV and to change them by substituting K instead of K. It is

flagrant that the resulting two new dispersion relations will represent the solutions for
the case studied in this subsection. So, equation (IV.57) is transformed into the
following dispersion relation for the determination of the velocity V., of the

twelfth new SH-wave:

2 2
[ = V) —%tanh(zkdnanh(kd\/l FrmalT )|
+

em

o’ K2 o’ K, -K,

m = (mwll/ rem) tanh(kd 1- (mwll/ rem)zj em}

&u cosh 2kd) 1+K2, e 1+K2,

o’ K? -K?> K? -K?
[ < - ”’jtanh(kd\/l newlZ/ tem ) \/1 neulZ/ tem ]

cosh 2kd) 1+K2, 1+K2,

2 g2
S RN N T B e

1+ K

em

(V.21)

Analogically, equation (IV.60) is transformed into the following dispersion

relation for the determination of the velocity V., 3 of the thirteenth new SH-wave:

[1—<ng/v,e,,,>2+[”*]z LS L >]tanh(zkd /)

&u (1+£2)
Fo o’ 2K —K:-K?
&u 1+K2,

(V.22)
=0

( nml3/ tem

Obtained dispersion relations (V.21) and (V.22) are fitting for the case of the

fundamental modes when V), < V,,,. For this case, dispersion relation (V.22) reads:

o\ (K2, -K2\KZ2 -K;
[ (new13/ rem) ( J ( < m)( S )jtan(de (newl3/ tem)

& (1+£2)
o 2K? —K?*-K*?

em m a ( / )
newl3 tem

&u 1+ K

em

(V.23)
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Chapter VI

Continuity of ¢, D3, w, and B;

This chapter and four following chapters study the SH-wave propagation in the
piezoelectromagnetic plate when the applied electrical and magnetic boundary
conditions allow the evaluation of the influence of the material parameters of the free
space (vacuum) such as the dielectric permittivity constant g, and the magnetic
permeability constant y,. The values of these vacuum material parameters are given
in the tenth subsection of Chapter I, in which it was also mentioned that the value of
the vacuum elastic constant is too negligible to account in the theoretical
considerations. It is worth also noticing that the previous four chapters have provided
the dispersion relations for several new SH-waves when the used electrical and
magnetic boundary conditions allow one to avoid the consideration of the material
properties of a vacuum.

So, the mechanical boundary conditions for this case are given by equations
(V.1) and (V.4) from the previous chapter for the upper and lower surfaces of the
plate, respectively. These two equations are already designed to exploit the weight
factors Fy,, Foo, Fo3, and Fo4. Also, the electrical and magnetic boundary conditions
can be transformed in order to have the weight factors Fy,, F,, Fo3, and Fo4. First of
all, it is necessary to write the electrical and magnetic boundary conditions with the
weight factors F“), FQ), F“), F4), F@, and F® used in the eleventh subsection of
Chapter 1. In this subsection of the first chapter, the electrical boundary conditions
such as the continuity of both the electrical potential ¢ and the electrical induction Ds,
namely ¢ = ¢/ and Dy = D' are defined by expressions from (1.91) to (1.96) for the
upper surface, where the superscript “f’ relates to the free space (vacuum). It is

natural to exclude the weight factor F for a vacuum in expressions (1.92) and (1.95).
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As a result, the following single equation corresponding to the electrical boundary

conditions for the upper surface can be obtained:

POk exp(ikVd)+ FORP explikd )+ FORD explikld)+ F Ok explik{Vd )}
e+ ) explk P FORD explk o™ — e — )

— ke F V9" explikld )+ FO"0 exp(ikPd )+ F " expljkd)

+ FWgp"M exp(jk3‘4)d)+ F®"® exp(jkf)d)+ F©¢"® exp(jk3(6>d)}= 0

(VL1)

Also, the magnetic boundary conditions such as the continuity of both the
magnetic potential  and the electrical induction Bs, namely y = y”/ and By = B are
defined by expressions from (I1.97) to (1.102) for the upper surface. It is natural to
exclude the weight factor F), for a vacuum in expressions (1.98) and (I.101) and to
write down the following single equation corresponding to the magnetic boundary

conditions:

{FORD explik®d)+ FOK expliki¥d )+ FORD exp(ikld )+ F Ok explikd)}
™+ ™)~ R xplikPa ) R expl O U~ g )
- jk/lo{F(”a//““’ exp(jké”d)+ F@yt exp(jkéz)d)+ FOy'0 exp(jkf’d)

+ FOp explik(Vd)+ FOu expljk®d )+ F Oy exp(jk¥d )}=0

(VL.2)

For the case of the homogeneous boundary conditions, the electrical and
magnetic boundary conditions for the lower surface are defined by expressions from
(I.105) to (I.110) and from (I.111) to (I.116), respectively. For the case of x; = — d,

they respectively read:

{FORY exp(- jkVd )+ FOP expl- jkPd )+ FOR expl- jkOd )+ FORD expl- jkPd )}
(€¢0(1)+m//0(1)) { (S)k‘s’exp( k“’d) F“’k;“exp(—jké“d)}(er(s)—ggp(’(s)—ay/o‘”)
+ jke, {F“’ O“)exp( “’d) FO 0(”exp(—jkf)d)+F(3)(p°“)exp(—jkf)d)

(VL3)
jk
+ F®g"® exp(— k;‘”d) FOp'® exp(— jk;s)d)+ FOp"® exp(— jkg(‘)d)}z 0

and
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[FORD expl= jk0d)+ FORD expl- jkPd)+ FO expl— jkPVd )+ F O expl— jkd )}
(0({00“’+/U//°(”) {F(‘”k(s’exp( Jk(s)d)+F“"’k(6’exp( Jk(())d)}(hUo(s) (pO(S)_#l/,a(s))
+ jku, {F‘” 0‘1>exp( jkd )4—F‘2> °“>exp( jk? cl)-i—F(3 y/o(”exp(—ka)d)
+ F Wy exp(— Jk§‘”d)+ FO'® exp(— Jk§5’d)+ FOy'® exp(—jk;é)d)}: 0

(VL4)

These four homogeneous equations written above with the weight factors /",
FO, F9 FY F and F must be transformed into four equations with the weight
factors Fyy, Foa, Fo3, and Fyy. As a result, three homogeneous equations corresponding
to the mechanical, electrical, and magnetic boundary conditions for the upper surface

at x3 =+ d read:

(eg*® + hy O |F,, sinh(kd)+ F,, cosh(kd )]

(VLYS)
+b(CU + e + hy"® F,, sinh(bkd)+ F,, cosh(bkd )| =

(0™ + ay N F,, sinh(kd )+ F,, cosh(kd )}
—b(eU*® - £0"® — ay*® {F,,, sinh(bkd ) + F,,, cosh(bkd )} (VL6)
+&, {Fmgoo(') cosh(kd )+ F,g"" sinh(kd 1+ F,0"® cosh(bkd )+ Fy,p"® sinh(bkd)}: 0
(a@"® + uy" " YF,, sinh(kd)+ F,, cosh(kd )}
- b(h U"® — 09" — uy*® ){F3 sinh(bkd )+ F,, cosh(bkd )} (VL7)
+ 14, 4F, " cosh(kd )+ F,y"® sinh(kd }+ Fyp*® cosh(bkd)+ F,y" sinh(bkd )}=0

For the lower free surface at x; = — d, three homogeneous equations
corresponding to the mechanical, electrical, and magnetic boundary conditions can be

written in the following forms:

(eg*® + hy V|, sinh(kd)— F,, cosh(kd )]

(VL.8)
+b(CU +e9"® + hy"® | F,, sinh(bkd)— F,, cosh(bkd)]=0

(ggoo(” +ay®® ){Fm sinh(kd)— F,, cosh(kd )}

—b(eU*® - £0*® — ay*® |, sinh(bkd ) — F,,, cosh(bkd )} (VL9)
+&,{F, 0" cosh(kd)—F,,"" sinh(kd )+ Fyy"® cosh(bkd ) — F,¢"® sinh(bkd )}=0
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(a@"® + " Y F,, sinh(kd)— F,, cosh(kd )}
—b(hU" — ap*® — j1y*® {F,, sinh(bkd ) — F,,, cosh(bkd )} (VL.10)
+ 1,47, cosh(kd)— Fy*® sinh(kd + Fyp™® cosh(bkd)— Fyyr*® sinh(bkd )}=0

This system of six transformed homogeneous equations from (VI.5) to (VI.10)
must be resolved to get dispersion relations for several different cases when only the
first eigenvectors, only the second eigenvectors, or the first and second ones are

exploited.
VI1.1. The first eigenvectors

Employing the first eigenvectors defined by expressions (1.66) and (1.67) in the
first chapter for the upper surface of the plate, it is obvious that equation (VI.5) can
be transformed into equation (V.7). Also, equations (VI1.6) and (VI1.7) written for the
upper surface can be significantly simplified by using expressions (III.7) and (II1.8)
from the third chapter. Accordingly, transformed equations (V1.5), (V1.6), and (VI.7)

read as follows:

2
elu+u, ){Fm sinh(kd )+ F,, cosh(kd )+ b ! +KKW [F,, sinh(bkd )+ F, cosh(bkd)]} =0 (VL11)

2
em

—a?[F,, sinh(kd )+ F,, cosh(kd )]
— o [F,,(cosh(kd ) sinh(kd )+ F,, (sinh(kd) — cosh(kd))] (VI.12)

2 g2
Ko —K, [F,, cosh(bkd )+ F,, sinh(bkd )]=0

2
%4

2

Kﬁm

(e(u+ 1, ) — o Y F,, sinh(kd )+ F,, cosh(kd )}
+ &y {F,, (cosh(kd) —sinh(kd )+ F, (sinh(kd) — cosh(kd))} (V1.13)

K2, -K’
+ &ty ———<[F,, cosh(bkd )+ F,, sinh(bkd )| = 0

em

For the lower free surface at x; = — d, the corresponding three homogeneous

equations can be written in the following simplified forms:
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2
e(u+u, ){Fm sinh(kd) - F,, cosh(kd )+ b% [F,, sinh(bkd ) - F, cosh(bkd)]} =0 (VL14)

em

— o*[F,, sinh(kd )— F,, cosh(kd )]
—a*[F,,(cosh(kd ) —sinh(kd ))— Fy, (sinh(kd)— cosh(kd))] (VL.15)

2 2

-t % [F,, cosh(bkd)— F,, sinh(bkd)]= 0

(g(lu +u,)-e’ ){Fm sinh(kd ) - Fy, cosh(kd )}
+ e, {F,, (cosh(kd) - sinh(kd ) — F,, (sinh(kd) - cosh(kd))} (V1.16)

+eu, K";( K. [F,; cosh(bkd) - F,, sinh(bkd )] =0

2
em

It is clearly seen that there are three pairs of equations such as equations (VI.11)
and (VI.14), equations (VI.12) and (VI.15), and equations (VI.13) and (VI.16). It is
worth noticing that all of these six equations have the same dimension such as s*/m”’.
Following the transformations used in the previous chapters, it is possible to obtain
two independent sets, of which each consists of three equations. The first set of three
equations is coupled with the weight factors Fy; and Fy;. These three homogeneous

equations read:

2
e+ g1, )Fy, sinh(kd )+ be(u + 1, ) Ken £ sinh(bkd)=0 (V1.17)

2
em

2 2
2 Ko —Ka 7 cosh(bkd)=0 (VL18)

em

— 0 F,, sinh(kd) - o> F,, (cosh(kd ) - sinh(kd ) — o

(e(u + p1, ) — o )F,, sinh(kd) + &1, F,, (cosh(kd ) - sinh (kd))

2 _g? VI.19
+ &, Ko — K, F,; cosh(bkd)=0 ( )

2

em

It is apparent that each of equations (VI.18) and (VI.19) can be represented as

the following equation:
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Fy {e(u + g1, )sinh(kd) + (g1, + o Ycosh(kd ) — sinh(kd ))}
2 g2 2 g2
+F03[8,uo Ko - Ke v Ken - K”]cosh(bkd):O

em em

(VL.20)

Equation (VI.20) represent a subtraction of equation (VI.19) from (VI.18) or vice
versa. Thus, equations (VI.17) and (VI1.20) lead to the following dispersion relation
for the determination of the velocity V.14 of the fourteenth new SH-wave in the

piezoelectromagnetic plate when V,,;, < Vi

2
{ FOTL(tanh(ka ) 1)~ tanh(kd)} tanh{ k1= i/ Vo) NI~V Vo)
elu+ Hy )
2 2 22 2 2
+ Kem — Ke +ta ZCL (80 /8)(Kem — K/z)tanh(kd) =0
(4 &2 N+ 1/ 1)

(VI.21)

where C; is the speed of light in a vacuum.

The second set of three homogeneous linear equations coupled with the weight
factors F, and Fy4 can be formed by subtractions of equation (VI.11) from (VI.14),
equation (VI.12) from (VI.15), and equation (VI.13) from (VI.16). So, the resulting

equations read:

2
e(u+ u, )F,, cosh(kd)+be(u+ u, )1 J;{’fm F,, cosh(bkd)=0 (V1.22)

em

— &’ F,, cosh(kd) - o/* F,,,(sinh(kd ) — cosh(kd )

K:m -K? (VL.23)

-’ ¢ F,, sinh(bkd) =0

2
em

(e(u+ p1,)— o )F,, cosh(kd )+ 4, F,, (sinh (kd ) - cosh(kd))

2 g2 VI1.24
+ &, K”;{ K, F,, sinh(bkd)=0 ( )

2
em

Similarly, each of equations (VI.23) and (VI.24) can be represented as the

following equation:
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Fy,{e(u+ 1, )cosh(kd )+ (gu, + o Ysinh(kd ) - cosh(kd )}
2 2
+F‘04[£}U0 Kem _zKe +a2 Kun _ZK jslnh(bkd): 0

em em

(VL.25)

As a result, equations (VI.22) and (VI.25) solidly lead to the following
dispersion relation for the determination of the velocity V.5 of the fifteenth new

SH-wave propagating in the piezoelectromagnetic plate when V,;, < V.

Kfm Kez +a2CL2(80/8)(K(m Kz)
(1+ K2, 00+ 2/ 1,)

ey +a’
+—r (1= tanh(kd )N1=(V, 15 /V., ) =
e+, o/

tanh(kd\/l mwlS/ tem j \/1 nktlS/ rem
(V1.26)

It is clearly seen in dispersion relations (VI.21) and (VI1.26) that for kd — oo, the
velocities Ve,14 and V15 of the fundamental modes of the new SH-waves approach
the corresponding SH-SAW recently discovered in book [101] (see formula (108) in
the book) and also investigated in paper [106]. It is also possible to give dispersion

relations (VI.21) and (V1.26) for the case of V,, > V... They respectively read:

{tanh(kd)_‘W”’z)(tanh(kd) l}tan(kd\/ VoV, - )\/( VoV, Y -

e+ p, (VI 27)
2 2 2 :
K _K +to C (80/8)( e”’_K”)tanh(kd)ZO
(1+Kem)(1+/1/uo)
2 2 22 2
Kookoracile)elk, oK, )tan(w R ) B T
(1+K2 N0+ 2/ 1y) (VI 2)
X .
+ S (1 tanh (kd WV sV )~
elu+
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VI1.2. The second eigenvectors

The second eigenvectors defined by expressions (1.69) and (1.70) lead to
equalities (I11.23) and (II1.24). Using them for the upper surface of the plate when x;

=+d, equations from (VL.5) to (VI.7) are transformed into the following forms:

2
(e+e, )y{Fm sinh(kd )+ F,, cosh(kd )+ b ! ;K [F,, sinh(bkd )+ F, cosh(bkd)]} =0 (V1.29)

2
em

(e +&,)u— o fF,, sinh(kd)+ F,, cosh(kd )}
+ &,1(F,, (cosh(kd ) —sinh(kd )+ F,, (sinh(kd ) — cosh(kd ))) (V1.30)
2 2
el K*}(%K [F,, cosh(bkd )+ F,, sinh(bkd )] =0
—o[F,, sinh(kd )+ F,, cosh(kd )|
—a*[F,, (cosh(kd)—sinh(kd )+ F,, (sinh(kd) - cosh(kd))] (VI.31)
K2 -K?
2 em a

2
em

—a [F,, cosh(bkd )+ F,, sinh(bkd )] =0

For the lower surface at x; = — d, equations from (VIL.8) to (VI.10) can be

transformed into the following forms:

2
(e+e, )ﬂ{FOl sinh(kd ) — F,, cosh(kd )+ b% [F,, sinh(pkd )— F,, cosh(bkd )]} =0 (VL32)

(e +&,)u— o }F,, sinh(kd)— F,, cosh(kd )}
+ &, 1(F,, (cosh(kd) - sinh(kd ) - F,, (sinh(kd) - cosh(kd))) (V1.33)
2 2
+EM K}%K [F,, cosh(bkd )~ F,, sinh(bkd)]= 0
— 0*[F, sinh(kd )— F,, cosh(kd )]
—o*[F,,(cosh(kd ) —sinh(kd ) — Fy, (sinh(kd)— cosh(kd))] (V1.34)
2 2
-a? Kin“ [F,, cosh(bkd) - F,, sinh(bkd)]|= 0

em
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These six homogeneous equations from (VI.29) to (VI1.34) look like equations
from (VI.11) to (VI.16) written in the previous subsection. Therefore, these six
equations can be transformed by the same way. Indeed, these six equations can be
represented as two independent sets, of which each consists of three equations. The
first set is coupled with the weight factors Fyy; and F; and the second set is coupled
with the weight factors Fy, and Fy4. Then, each set consisting of three equations can
be represented as a set of two equations. Consequently, the resulting four equations

with the same dimension of s*/m? read:

2
(¢ + &, JuF,, sinh(kd )+ ble + &, Ju—Ken ._sinh(pkd)=0 (V1.35)
KZ

F, {(8 + &, )usinh(kd )+ (eo,u +a’ )(cosh(kd) —sinh (kd))}

_x2 2 g2
+FO3[£0,u Kﬂ”}{zK + o Kan ZK“]cosh(bkd)zo

em

(VL36)

2
(e +&, )uF,, cosh(kd )+ b(e + &, );I%F04 cosh(bkd)=0 (V1.37)
F{(e+ &, )ucosh(kd)+ (e,1 + & \sinh(kd ) — cosh(kd ))}
(V1.38)

K2 —K? K> -K2) .
+Fo4(go,u “’;{2 < +o’ ”’;{2 “Jsmh(bkd):o

em

Similar to the results obtained in the previous subsection, two dispersion
relations can be obtained: one is for the case of Fiy, = Fy4 = 0 and the second is for £,
= Fy3 = 0. Therefore, the velocities V.16 and V.17 of the sixteenth and seventeenth
new SH-waves propagating in the plate can be calculated with the following

dispersion relations written for V,,, < Vi

ap+a’ _ ( I
{ e (tanh(kd)—1)— tanh(kd)}tanh k1= (Vs [V} W=V e/ Vi

Kz Km ta C (/10//1)( em _K;) —
(] Vel Xl veje,) tanh(kd)=0

(VI.39)
+

103



K:,,, KZ +o ZCZ(,UO/,U)( e”’_Kz)tanh(kd\/l ”m”/ - ) \/1 "ew”/ )‘un
(1+Kgm )(1+8/£0 (VI.40)

g u+ot
+(g°':1_7£)ﬂ(l—tanh(kd)) =~V /Vien )’ =
0

It is clearly seen in dispersion relations (VI1.39) and (V1.40) that for kd — oo, the
velocities Vo1 and V.17 of the fundamental modes of the new SH-waves approach
the corresponding SH-SAW recently discovered in book [101], see formula (120) in
the book. This type of the new SH-SAWSs was also investigated in paper [106]. For

Vo > Viem, these dispersion relations read:

2

{tanh(kd)—f;ﬁ;”)‘ﬂ(tanh(kd) 1}mn(w Vi) =T W/ -

K2 o )( Kz) (VI.41)
o m " o 0 /*l em Do =
(1 K X] i) tanh(kd)=0
KZ _ Kz 2C2 —
em m +a - (/10 //‘l)( em )tan(kd\/ ”0“7/ ,Gm) ) \/( nm 17/ Iem)
(+k2, )(1 +e/g,) (VI~42)

e p+ot
+(;":i7€)ﬂ(l—tanh(kd)) Dot/ View ) =
0

VL1.3. The first and second eigenvectors

This subsection investigates the case when the first eigenvectors are used for the
upper surface and the second eigenvectors are exploited for the lower surface.
Therefore, equations (VI.11), (VI.12), and (VI.13) from the first subsection and
equations (VI.32), (VL.33), and (V1.34) from the second subsection must be utilized.
However, one can also treat the reverse situation and it is expected that the resulting
dispersion relation will be the same. In this reverse case, equations (VI1.14), (VIL.15),
(VI.16), (V1.29), (V1.30), and (VI.31) must be employed. So, the first pair of

equations (VI.11) and (VI1.32) can be transformed into the following two equations:
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. 1+ K’ .
&ul Fy, sinh(kd)+b——"F, sinh(bkd ) =0 (V1.43)

2
em

1+K’
&uq Fy, cosh(kd )+ b——< F,, cosh(bkd )} =0 (V1.44)

em

Besides, the second pair of equations (VI.12) and (VI.34) can be also

transformed into the following two independent equations:

5 5 KZ _KZ
—0*F,, cosh(kd)— o e 2 Fr cosh(bkd)=0 (V1.45)

K2 —K
-’ Fy, sinh(kd) - o* === F,, sinh(bkd) =0 (VL.46)

em

On the other hand, the last pair of equations (VI.13) and (VI.33) cannot be
transformed into two independent equations. Therefore, each of equations (V1.43)
and (VI1.45) coupled with the weight factors Fy; and Fy; can be led to the same
equation. Analogically, each of equations (VI.44) and (V1.46) coupled with the
weight factors F, and Fo, can be also led to the same equation. Thus, it is possible
finally cope with four equations and four unknown weight factors Fyy, Fpp, Fo3, and

Fy4. This new set of the four homogeneous equations reads:

2 2 g2
U Ko sinh(bkd)- o K“”’ZK"cosh(bkd)J =0 (VL47)

em em

F, feusinh(kd ) - &> cosh(kd )} + Fo{g,ub

2 2 g2
Fy,{eucosh(kd ) o sinh(kd )} + a{eybl”f""cosh(bkd)— o K"”’ZK"sinh(bkd)J =0 (V1.48)

em em

F, {(s,u - )sinh(kd) +&u, cosh(kd)}+ F, {(e‘,u -t )cosh(kd) +&u, sinh(kd)}

2 _ g2 VI1.49
+ &1, Ko - K. [F,, cosh(bkd) + F,, sinh(bkd )]=0 ( )
F, {leu - & Jsinh(kd ) + 11 cosh(kd )} - F, {(e - & Jeosh(kd ) + £, sinh (kd )}

2 _ g (VL50)

+EM Ko —[F,, cosh(bkd )~ F,, sinh(bkd )| =0

em
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It is obvious that Fyy; and Fy, are functions of Fy; and Fiy, in formulae (V1.47)
and (VI1.48), respectively. Therefore, equations (V1.49) and (VI.50) can be written

only with the weight factors Fy; and Fo4 as follows:

2 2 g2 2 g2
EM{(S,U o )+ &l tanh(kd)(g‘ub_ . K., — K, tanh(bkd)]—eﬂowtanh(bkd)}

&1 — o tanh(kd ) 1+K2, o
(e — @ Jtanh(ka) K2 —K? K2 - K’ (ViD
EU— o Jtan + &, em em
+F, tanh(bkd )— =
03{ gutanh(kd) - o (gﬂb anh(phd) - 1+ K2, ] oy K }
P 2 2 2 _ g2
EJA (€ﬂ a )4‘280# tanh(kd) Sttlb _ 2 K Kzz tanh(bkd) —g Kun Km tanh(bkd)
& — o tanh(kd ) 1+ K., I+ K,
(VL.52)

(e — o Jtanh(kd)+ £, K2 —K> K2 —K>
_F tanh(bkd)— em a |_ em ml_q
"3{ ouanhd) -t |0 (bhd) -0 e = e =

em em

It is obvious that the following complicated dispersion relation can be obtained
for the calculation of the velocity V.15 of the eighteenth new SH-wave propagating

in the piezoelectromagnetic plate in the case of V,;, < Vie:

(8/1—az)tanh(kd)+go,u(glubtanh(bkd)_az K, -K2) #ij -K?
gutanh(kd)—o? | 1+K2, 0

2 _ g2
g,u o )+ e, tanh(kd) sub— o : Ko — K, tanh(bkd) |- g, ———<- Koy = Ke tanh(bkd)
— o tanh(kd) 1+K
e (VL53)
(1~ o )+ e, putanh(kd) eutb— o’ Ko =Ko 1oom (bkd) |- o,U K, tanh(bkd)
& — o tanh(kd) 1+ K,, K.,
(61— o* Jtanh( kai)+g/10 eutbtanh(bkd)— - ” Kelog
gutanh(kd )— 1+ Ke,,,
For the case of kd — oo, this dispersion relation takes the following form:
(e+e)u-a? NVdV) -a L K2 —K? K2 -K?
RSV e 1 em a|_g em
e L TR VL
( - R I (VL.54)
elu+u,))-a \/7 2 Ko — By em e
PO i VR 77N )| o -§ =0
{ —a ( H ( Voowis!Vien) 14K, ] iy 1+K2 }
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Chapter VII

Magnetically Open Surfaces and Continuity of ¢ and D;

This chapter also studies the homogeneous case when the same set of the
boundary conditions is exploited for both the upper and lower surfaces of the
piezoelectromagnetic plate. The mechanically free surface (03, = 0) is the used
mechanical boundary condition. Besides, the electrical boundary conditions are the
continuity of both ¢ and D; at the surfaces, i.e. ¢ = ¢/ and D; = D'. The magnetic
boundary condition is the magnetically open surface (i = 0). With the weight factors
Fo1, Foo, Fos, and Foy, three homogeneous equations corresponding to the mechanical,
electrical, and magnetic boundary conditions for the upper surface at x; = + d are

composed as follows:

(eg*® + hy O |F,, sinh(kd)+ F,, cosh(kd )]

(VIL1)
+b(CU + 9" + hy"® \F,, sinh(bkd )+ F,, cosh(bkd )] = 0

(e0°® + " NF,, sinh(kd ) + F,,, cosh(kd )}
—beU" — £9"® — o™ F,, sinh(bkd )+ F,, cosh(bkd )} (VIL2)
+£,{F,,0"" cosh(kd)+ F,,0"" sinh(kd }+ F,,0"® cosh(bkd )+ F,,¢" sinh(bkd )}=0

F,*® cosh(kd )+ F,,pr"V sinh(kd )+ F,,y"® cosh(bkd )+ F,yr*® sinh(bkd )= 0 (VIL.3)

For the case of the lower free surface at x; = — d, three homogeneous equations

corresponding to the mechanical, electrical, and magnetic boundary conditions read:

(eg*® + hy "V |, sinh(kd)- F,, cosh(kd )]

VIL4
+b(CU® +e9"® + hy*® ) F,, sinh(bkd)— F,, cosh(bkd)]=0 ( )
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(e0°® + oy N F,, sinh(kd)— F,,, cosh(kd )}
—b(eU*® — 0" — ay*® ), sinh(bkd ) — F,,, cosh(bkd )} (VIL5)
+£,{F,,0"" cosh(kd) - F,,¢"® sinh(kd )+ F,,0" cosh(bkd ) — F,,¢" sinh(bkd )}=0

Fyw® cosh(kd ) — Fy*V sinh(kd )+ F,p"® cosh(bkd ) — Fy,p"® sinh(bkd )= 0 (VIL6)

Thus, it is possible now to further transform these six homogeneous equations

written above employing the first and second eigenvectors.
VIL.1. The first eigenvectors

Employing the first eigenvectors defined by expressions (1.66) and (1.67) and
equalities (II1.7) and (IIL.8), these six homogeneous equations written above can be
transformed into suitable forms. For the upper free surface at x; = + d, it is possible to

write the following forms of transformed equations from (VII.1) to (VIL.3):

1+K? .
> [F,, sinh(bkd ) + F,, cosh(bkd )| =0 (VIL7)

em

(eu-o? ){Fm sinh(kd)+ F,, cosh(kd )+ b

2 g2
— o*[F,, cosh(kd) + F,, sinh(kd )| - o Kif{“ [F,, cosh(bkd) + F,, sinh(bkd )] =0 (VIL.8)

2 g2
eu{F,, cosh(kd )+ F,, sinh(kd )} + é‘ﬂK‘)”’izke [F,, cosh(bkd )+ F,, sinh(bkd)]=0 (VIL.9)

em

For the lower free surface at x; = — d, the corresponding three homogeneous

equations can be represented as follows:

2
(eu-o? ){F01 sinh(kd)— F,, cosh(kd )+ b I+ K, [F,, sinh(pkd ) F,, cosh(bkd )]} =0 (VIL10)

2

em

K2 -K?
22 e |f cosh(bkd)— F,, sinh(bkd)]=0 (VIL.11)

em

—o*[F,, cosh(kd) - F,, sinh(kd )] - o
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2 g2
eu{F,, cosh(kd)— F,, sinh(kd )} + gmeisz [F,, cosh(bkd) - F,, sinh(bkd )]=0 (VIL.12)

em

To have the same dimension of s”/m’, equations (VIL7) and (VIL.10) were
multiplied by (su — o’)/(ea — he), equations (VIL.8) and (VIL11) were multiplied by
a/ey, and equations (VIL.9) and (VII.12) were multiplied by u. So, it is also possible
to use g instead of ¢ in the corresponding equations. However, it is thought that to
deal with ¢ is preferable because the value of o must be restricted by the value of gu,
namely su > o’ [65, 68]. In the case of the utilization of &, instead of ¢, the inequality
g > o is dim and there is a possibility of equ < o for large values of the
electromagnetic constant a.

It is also possible to represent these six homogeneous equations with the same
dimension which is unequal to s*’m* when equations (VIL.7) and (VIL.10) have the
factor of (ea — he) instead of (gu — a”), equations (VIL.8) and (VIL.11) have the factor
of ea instead of &, and equations (VIL.9) and (VII.12) have the factor of ke instead of
eu. In this case, these six homogeneous equations lead to the dispersion relations
obtained in Chapter II for the other set of the electrical and magnetic boundary
conditions such as the electrically closed (¢ = 0) and magnetically open (v = 0)
surface. Therefore, it is expected that the dispersion relations obtained in this
subsection below can be also true for the boundary conditions used in Chapter II.
However, to use g, instead of ¢ is unrelated for the case of Chapter II because the
vacuum material parameters are absent in the considerations of the second chapter.

Following the transformations exploited in the previous chapters, it is natural to
add equation (VIL.8) to (VIL.9) and equation (VIL.11) to (VIL.12) to deal with four
homogeneous equations with four weight factors Fy, Fp, Fo3, and Fos. It is also
apparent that the resulting four equations can be represented as two independent pairs
of the corresponding equations after the usual transformations. Therefore, the

transformed equations read:
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2
%Fw sinh(bkd)} =0 (VIL.13)

em

(eu-o? ){FOl sinh(kd )+ b

(eu-a)F, cosh(kd)+[£/1Kf”’ .

em

2 2 2
L e Kﬂ}_z K JFO} cosh(bkd)=0 (VII.14)

2
(eu—o? ){FOZ cosh(kd)+b ! *]'(If F,, cosh(bkd)} =0 (VIL.15)

em

2 2 2
Ko o K";( ;K“ja4sinh(bkd):o (VIL.16)

(u— o )F,, sinh(kd )+ [gy KK .

em

Finally, the first pair of equations (VII.13) and (VII.14) and the second pair of
equations (VII.15) and (VII.16) result in two different dispersion relations. These
dispersion relations determine the velocities V.19 and Voo of the nineteenth and
twentieth new SH-waves propagating in the piezoelectromagnetic plate in the case of

y

o < Viem- S0, they are composed for the case of V,;, <V, as follows:

Views | Vi | | eulk? -K2)-a (K2 ~K2)
1—( ;WWJ tanh| kd 1—( ;W”j i (eﬂ a )(1+ > tanh(kd)=0 (VII.17)

2 g2 2
1 [ Vneu 20 ] tanh kd 8/,1 ) (K K{z ) tanh[kd 1 _ [ Vln/ewzo j

(8/1 a Xl + Kem

=0 (VIL18)

tem

It is flagrant in dispersion relations (VII.17) and (VII.18) that for kd — oo, both
the velocities Vw9 and V..o approach the corresponding SH-SAW velocity
recently discovered in book [101], see formulae from (148) to (152) in the book. It is

also lucid that for the case of V,, > V., the above written dispersion relations read:

Ven eu-o’ JI+K2,

tan[kd\/[ ;"”J 4}\/[%’"“} -1+ “(K*ZZ’ K:)-a (K‘z"’)_K‘i)tanh(kd):O (VIL.19)
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tanh(kd ), || Lresan 2—1—"?"(](:”](62 )'“Z(Kfm_K;)tan kd || Vreszo 2—1 =0 (VIL20)
(ey—az)(Hij) - '

tem tem

VIL.2. The second eigenvectors

The second eigenvectors defined by expressions (I.69) and (I1.70) result in the
existence of equalities (I11.23) and (II1.24). Using them for the upper and lower
surfaces of the plate, equations from (VIL.1) to (VIL.6) can be transformed into
equations from (V1.29) to (VI1.34) obtained in the second subsection of the previous
chapter. So, the resulting dispersion relations will be similar to those defined by

expressions (VI.39) and (V1.40).
VIL3. The first and second eigenvectors

This case is similar to that treated in the third subsection of the previous chapter.
For the upper surface, equations from (VIL.7) to (VIL.9) must be used and for the
lower surface, equations from (VI1.32) to (VI.34) defined in the previous chapter are
utilized. It is lucid that here there are also two pairs of equations for transformations.
Equations (VIL.7) and (VI.32) can be transformed into two independent equations
(V1.43) and (VI.44) written in the previous chapter. Also, Equations (VIL.8) and
(V1.34) can be transformed into two independent equations (VI.45) and (VI.46).
Next, each of equations (V1.43) and (VI1.45) coupled with the weight factors Fy; and
Fy; is transformed into equation (VI.47) and each of equations (VI1.44) and (VI1.46)
coupled with the weight factors Fyp, and Fy, is transformed into equation (VI.48).
Using equations (V1.47) and (VL.48), the weight factors Fy; and F\y, are respectively

determined as follows:

cosh(bkd)
F 03 . 2
gusinh(kd )— o cosh(kd)

|

o=~

2 2 2
(é‘,ub ! ;12{ o tanh(bkd ) — o KK;K“j (VIL21)

em em
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2 2 2
(kd{gybl;{m - K”;( K tanh(bkd)J (VIL22)

em em

cosh(bkd)
* eucosh(kd)— o sinh

Fy, ==

Exploiting expressions (VIL.21) and (VII1.22), the weight factors Fy,; and Fy, can

be excluded from equations (VII1.9) and (V1.33) rewritten below as follows:

2
&{F,, cosh(kd)+ F,, sinh(kd )} + eﬂTK[Fm cosh(bkd )+ F,, sinh(bkd)]=0 (VIL.23)
F, (e — o Jsinh(kd) + £, 11 cosh(kd )} - Fy, {(ere — o )cosh(kd )+ £, psinh (kd )}

2 VI1.24
+ 80,uw F, cosh(bkd ) F,, sinh(bkd )] =0 ( )

em

Consequently, these two equations after the transformations to have two

equations with two unknown weight factors Fy; and F4 read:

2 2 2 2
EJ {mﬂl(kd)kd){glub_ Kun Kat nh(bkd)] Mtanh(bkd)}

*| u - o tanh( 1+K2, 2
| Kk Kk (VIL.25)
F tanh(bkd)— em o em e =0
03{€utanh(kd)—a2 {gﬂb anh(bhd)—e 2o +K2, ] 1+K2 }
(61— 0 )+ £,y tanh(kd) 2K -K? K2 -K?
F,, T gub— o’ =% tanh(bkd ) |- £,1 —2—"tanh(bkd )
&1 — o tanh(kd ) 1+K2, 1+K2,
: (VIL26)

i tanh(kd )— o 1+K?

em

2 2 2 g2
_Fm{(gﬂ_a )tanh(kd)+£°ﬂ{e,td;tanh(bkd)—az K;:Kfj gOﬂKem Km}:o

Finally, the dispersion relation for the calculation of the velocity V,.,»1 of the
twenty first new SH-wave propagating in the piezoelectromagnetic plate in the case

of V,;, < Viem is defined by the following complicated equation:
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g1 — o tanh(kd ) 1+K2, o

2 2 _ 2 2 2
{(fﬂ -« )* £t tanh(kd) (g'ub -t K"”i‘f" tanh(bkd)J - goy% tanh(bkd)}

2 _ 2 2 —K2
X % gubtanh(bkd) - o Ko frx _K 2
gutanh(kd)— o 1+K 1+K2,

2 p2 2 _K?
o) anhlhd) (o o Ko = Ke nn(oka) |- Ko KL ann(ora)
gU—-o tanh(kd) 1+ K 1

em

(VIL.27)

em

2 2 g2 2 g2
y (eu-e )tanh(kd)ieoﬂ euibtanh(bkd)— o K. fa _ gOﬂKe,,, f -0
gutanh(kd )— o 1+K2, 1+K

em

113



114



Chapter VIII

Magnetically Closed Surfaces and Continuity of ¢ and D;

It is also natural to theoretically treat the other possible magnetic boundary
condition to compare with the results obtained in the previous chapter. In this chapter,
the mechanical and electrical boundary conditions at the upper and lower interfaces
between the piezoelectromagnetic plate and a vacuum are similar to those used in the
previous chapter: mechanically free surface (o3, = 0) and the continuity of both the
electrical potential and electrical induction, namely ¢ = qof and D; = D/, where D; is
the normal component of the electrical displacements and the superscript “f” relates
to the free space. Besides, here the magnetic boundary condition is the magnetically
closed surface (B; = 0) instead of the magnetically open surface (y = 0) utilized in the
previous chapter.

Three homogeneous equations corresponding to the mechanical, electrical, and

magnetic boundary conditions (upper surface at x; = + d) have the following forms:

(" + hy "V |F,, sinh(kd)+ F,, cosh(kd )]

s VIIL.1
+b(CU +¢¢"® + hy" | F,, sinh(bkd ) + F,,, cosh(bkd )] =0 ( )

(0" + " YF,, sinh(kd )+ F,,, cosh(kd )}

—b(eU*® — £9"® — ay*® |, sinh(bkd ) + F,,, cosh(bkd )} (VIIL2)

+£,{F,,0"" cosh(kd )+ F,,¢"" sinh(kd }+ F,,0" cosh(bkd )+ F,,¢"® sinh(bkd )}=0

(" + py"® Y, sinh(kd )+ F,, cosh(kd )}

os s os ) (VIIL3)

—b(hU" — " — " ® {F, sinh(bkd ) + F,, cosh(bkd )} = 0
For the lower surface of the plate (x; = — d) three homogeneous equations

corresponding to the mechanical, electrical, and magnetic boundary conditions can be

written as follows:
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(eg*® + hy "V |F,, sinh(kd)— F,, cosh(kd )]

0(s) 0(5) 05) . B B (VIIL4)
+b(CU +e¢"® + hy"® \F,, sinh(bkd ) — F,, cosh(bkd)]=0

(0" + " Y F,, sinh(kd)— F,,, cosh(kd )}
—b(eU*® — £9"® — ay*® |, sinh(bkd ) — F,, cosh(bkd )} (VIIL5)
+£,{F,,0"" cosh(kd) - F,,¢"® sinh(kd )+ F,,0" cosh(bkd ) — F,,¢"® sinh(bkd )}=0

(o™ + " KF,, sinh(kd )~ Fy, cosh(kd )}

~b(hU" - 2" — 1" ® | F,,, sinh(bkd ) — F,,, cosh(bkd )} =

(VIIL.6)
0
So, this set of six homogeneous equations must lead to several dispersion

relations obtained by using the first and second eigenvectors.
VIIL.1. The first eigenvectors

Exploiting the first eigenvectors defined by expressions (1.66) and (1.67) and
equalities (III.7) and (II1.8), these six homogeneous equations written above can be
transformed. For the upper surface (x; = + d) the corresponding three homogeneous

equations read:

2
s,u{FOl sinh(kd )+ F,, cosh(kd )+ b ! ;Km (F,, sinh(pkd )+ F, cosh(bkd)]} =0 (VIIL.7)

2
em

2 2
—a*[F,, cosh(kd )+ F,, sinh(kd )| - o Kmi:K“ [F,, cosh(bkd)+ F,, sinh(bkd)]=0 (VIIL8)

em

(61— o Y F,, sinh(kd ) + F,, cosh(kd )} =0 (VIIL9)

For the lower surface (x; = — d) the corresponding three homogeneous equations

take the following forms:

2
Sﬂ{E)I sinh(kd )— F,, cosh(kd)+b ! ;K"" [F,, sinh(bkd ) F, cosh(bkd)]} =0 (VIIL.10)

2
em
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K2 -K?
2 e |f cosh(bkd) - F,, sinh(bkd)]=0 (VIIL11)

em

—&*[F,, cosh(kd) - Fy, sinh(kd )] - o

(eu— o JF,, sinh(kd)— F,,, cosh(kd )}=0 (VIIL.12)

It is blatant that these six homogeneous equations written above are identical to
equations from (IV.29) to (IV.34) obtained in Chapter IV. Therefore, they lead to two
dispersion relations given by formulae (IV.40) and (IV.42) for the determination of
the velocities V.. and V.7 of the sixth and seventh new SH-waves propagating in
the piezoelectromagnetic plate. Next, it is possible to consider the case of the second

eigenvectors.
VIIL.2. The second eigenvectors

In this subsection, second eigenvectors defined by expressions (1.69) and (1.70)
from the first chapter must be exploited. The second eigenvectors result in equalities
(I11.23) and (I11.24) obtained in Chapter III that must be also utilized for six equations
from (VIII.1) to (VIIL.6). Using expression (I11.24), it is obvious that equations
(VIIL.3) and (VIIL.6) corresponding to the magnetic boundary condition can be
excluded from the further theoretical considerations done in this subsection. Thus,
this is the case of four equations with four unknown weight factors Fy,, Fy,, Fo3, and
Fy. For the upper surface at x3 = + d, equations (V1.29) and (VIL.30) written in
Chapter VI are also suitable here. For the lower surface at x; = — d, equations (VI1.32)

and (V1.33) are appropriate. So, four homogeneous equations respectively read:

1+K? .
< [F,, sinh(bkd )+ F,, cosh(bkd)]} =0 (VIIL.13)

em

Eﬂ{FOI sinh(kd )+ F,, cosh(kd )+ b

F, {ler— o Jsinh(kd ) + £, 1 cosh(kd )|+ Fy, {(ert — o )cosh(kd ) + £, sinh (kd )}

2 2
+ Ke‘m - K"l
ol p

em

VIIIL 14
[F,, cosh(bkd )+ F,, sinh(bkd )] =0 ( )
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1+K .
—— < [F,, sinh(bkd) - F,, cosh(bkd )]t =0 (VIIL.15)

em

g,u{Fm sinh(kd )— F,, cosh(kd )+ b

F, (e — o Jsinh(kd) + £, 41 cosh(kd )} - Fy, {(er — o )cosh(kd )+ £, psinh (kd )}

2 VIIL16
+€0,UK Pl & F,, cosh(bkd ) F,, sinh(bkd)]=0 ( )

em

It is obvious that there are two pairs of equations: the first pair is equations
(VIII.13) and (VIII.15) and the second pair is equations (VIII.14) and (VIII.16). After
the usual transformations used in the previous chapters, these two pairs can be

represented as the following two independent pairs of equations:

F, smh(kd)+b Ko FOSSmh(bkd) 0 (VIIL.17)

em

2 _ g2
Fy e - o Jsinh(kd ) + e, cosh(kd )}+ goy%ﬂ,} cosh(bkd)=0 (VIIL.18)

em

2
1+ Kaw k2 cosh(bkd)=0 (VIIL19)

em

F,, cosh(kd)+b

2 2
Fy,{leu— & Joosh(kd)+ £, pusinh(kd ) }+ goy%FM sinh(bkd)=0 (VIIL.20)

em

As a result, these two independent pairs of four equations lead to two
independent dispersion relations for the case of V,, < V,. Indeed, the velocities
Viewzz and V.03 of the twenty second and twenty third new SH-waves propagating in

the piezoelectromagnetic plate can be calculated with the following formulae:

2 2
1— Vw22 tanhl &d [1— Viewn go:utanh(kd) Kézm _Kz n =0 (VIIL.21)
View Ve ) | leu-o Jranh(ka)+ e 1+ K2,

2 _ 2 2
(Vo) Ren =B ant| ka [1-[ Voo | |20 (VIIL22)
) a-a +80/1tanh(kd) 1+ K 14

em tem
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It is also possible to treat the case of kd — oo. For very large values of id, it is
transparent that the velocities Ve, and V.03 approach the corresponding SH-SAW
velocity recently discovered in book [101], see formulae from (194) to (198) in the
book. Finally, dispersion relations (VIIL.21) and (VIII.22) can be rewritten for the

case of V,,;, > Vi as follows:

2 2 : 2
tan| kd Views2 | 1 Viewsa | 1+ goz;u tanh(kd) K fw =0 (VIIL.23)
Ve Vim (g1 — o Jtanh(kd)+ g0 1+ K2,

=0 (VIIL.24)

em tem

2 ) 2
Vnew23 —1= > gO:u Kem fm tan| kd Vnew23 -1
Vi & —a® +egptanh(kd) 1+K v
VIIL3. The first and second eigenvectors

For this case of the first eigenvectors for the upper surface of the plate and the
second eigenvectors for the lower surface of the plate, it is natural to exploit
equations (VIIL.7), (VIIL.8), and (VIIL.9) for the upper surface and equations (VIIIL.15)
and (VIIL.16) for the lower surface. Using this system of five homogeneous
equations, it is also possible to get two different dispersion relations. First of all, it is
possible to add equation (VIIL.7) to (VIII.8) to cope with one equation instead of two
and to subtract equation (VIIL.15) from (VIIL.16) to form the second equation. It is
natural to have Fy; = Fip, = 0 due to equation (VIIL.9). As a result, the following set of
two homogeneous equations which are coupled by the weight factors Fo; and Fiq

must be treated to obtain the first dispersion relation:

2 2 g2 2 2 g2
E{btanh(bkd)—O[W} +Fy, [b —aK””f“tanh(bkd)} =0 (VIIL.25)
&g 1+K,, e 1+K;,

2
m

K2 —-K: K2 -K
F03 btanh(bkd)— EH > em s m _EM b— E M > em s
gu—-o 1+K;, gu—o 1+K

em

tanh(bkd)} =0 (VIIL.26)
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Thus, the dispersion relation for the case of V,;, < V,,, to calculate the velocity
V,ew2a Of the twenty fourth new SH-wave propagating in the piezoelectromagnetic

plate can be composed as follows:

2 2
1- Vne‘424 _ EH Km _i(m tanhl kd.[1— Vnew24
View gu-a’ 1+K,, Viem
2 2 2
1— Vnew24 tanh| kd.[1— Vnew24 a Kem g( o
V, View eu 1+ K,

2
1— (Vnm124] tanh| kd 1_{Vnew24j _ E M Kezm_an,

(VIIL.27)

v,

2 2
tem gu—o 1+K,,

tem

2 2 2 2
1— I/new24 a K(m Ka tanh| kd_[1— Vnew24 =0
Ven ) & 14K, Vien

To obtain the second possible dispersion relation, it is necessary to add equation
(VIIL.7) to (VIIL.8) to deal with one equation instead of two and to use equation

(VIIL.9) for determination of Fy, as a function of Fy;:
F,, =—F,, tanh(kd) (VIIL.28)

Utilizing equation (VIIL.9), three equations can be written as follows:

2 2 2
- E)l+a3cosh(kd)[gyb Kfm sinh(bkd) - or K”'”_ZK’*cosh(bkd)j

em em

(VIIL.29)
+K? , K2 -K
+F,, cosh(kd)(s,ub e cosh(bkd)— o "’"Kz‘”sinh(bkd)j =0
2
Fo=——t 1K b inh(bkd)- F, cosh(pkd)]  (VIIL30)

2sinh(kd) K2,
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F,, f2leu— o Jsinh(kd ) + £, 1 cosh(kd )+ £, sinh (kd ) tanh (kd )}

2 _g? VIIL31
+&, ,LIKKiK [F,; cosh(bkd) - F,, sinh(bkd)]=0 ( )

em

Then, it is possible to use equation (VIIL.30) to exclude Fj, in equations

(VIIL.29) and (VIIL.31). So, two equations with the weight factors Fy; and Fo, read:

2 g2
F, {smh(de)[gpb tanh(bkd )— o KlszKa] +o’b tanh(bkd)}
+
- (VIIL32)
. , K2 —-K )
+ Fy,4sinh(2kd ) gub— o ——*tanh(bkd) |- &’b =0
1+ Kkm
. 2
£, - g,usinh(2kd) _ K -K;  btanh(bkd)
(61— )sinh(2kd )+ £ 1 + 2e, usinh > (kd) 1+ K2, (VIIL33)

: 2 2
— Fl)4 —— EH SInh(de) — Kem fzn tanh(bkd)_ bl=0
(61— )sinh(2kd )+ €11 + 26, usinh> (kd) 1+ K

em

Finally, the second dispersion relation to calculate the velocity V,..ns of the
twenty fifth new SH-wave propagating in the piezoelectromagnetic plate can be

written for the case of V), < V., as follows:

- " tanh
{e,u o )sinh(2kd )+ g1 + 2€ usinh(kd) 1+ K2, o

&,usinh(2kd) Ko =K, (bkd)—b}

2

, K2 K2 )
x4 sinh(2kd s,ubtanh(bkd) o === |+ o’ btanh(bkd)

1+K
. L (VIIL.34)
+ £oftsinh(2kd) R =Ky tanh(oka)
(61— 0 )sinh(2kd )+ £ 11 + 2e, usinh (kd) 1+ K2,

Ko, K,
{smh 2kd gub— o Hl(ztanh(bkd)j—azb}z

em
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Chapter IX

Electrically Closed Surfaces and Continuity of y and B;

Consider the mechanically free (o3, = 0) and electrically closed (¢ = 0) case for
both the upper and lower surfaces of the piezoelectromagnetic plate of class 6 mm. In
addition, the magnetic boundary condition is the continuity of both the magnetic
potential y and the normal component B; of the magnetic induction at the surfaces,
i.e. y =/ and By = B/, where the superscript “/” pertains to the free space (vacuum).
Thus, three homogeneous equations corresponding to the mechanical, electrical, and
magnetic boundary conditions for the upper surface at x; = + d must be written as

follows:

(e(pom +hy "V |F,, sinh(kd)+ F,, cosh(kd )]

0(5) 0(5) 0(5) : (IX' l)
+b(CU + e + hy"D F,, sinh(bkd )+ F,, cosh(bkd)]= 0
F,,0"" cosh(kd )+ F,,"" sinh(kd )+ Fy,0°® cosh(bkd )+ F,,¢" sinh(bkd)=0 (IX.2)

(@@"® + uy " YF,, sinh(kd)+ F,, cosh(kd )}

-blhU™ —ap™ — uy F,sin + F,, cos .
blhU" — ap*® °® K. sinh(bkd )+ F,, cosh(bkd IX.3

+ 14,47, cosh(kd )+ F,y"® sinh(kd }+ F,p*® cosh(bkd)+ F,y" sinh(bkd )}=0

For the lower surface at x; = — d, three homogeneous equations corresponding to
the mechanical, electrical, and magnetic boundary conditions can be designed in the

following forms:

(eg*® + hy*© |, sinh(kd)— F,, cosh(kd )]

(IX.4)
+b(CU® +e9"® + hy*® )F,, sinh(bkd)— F,, cosh(bkd)]=0

F,,0"" cosh(kd )— F,,¢"" sinh(kd )+ F,,¢0"® cosh(bkd )— F,,0"® sinh(bkd )= 0 (IX.5)
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(o™ + 1y JF,, sinh(kd ) - F, cosh(kd )}
—b(hU" — ap*® — j1y*® {F,, sinh(bkd ) — F,,, cosh(bkd )} (IX.6)
+ 1, 4F, " cosh(kd)— Fy*® sinh(kd + Fyp®® cosh(bkd)— Fyyr*® sinh(bkd )}=0

This set of six homogeneous equations from (IX.1) to (IX.6) must be resolved to
obtain dispersion relations for several different cases when only the first
eigenvectors, only the second eigenvectors, or the first and second ones are used.

Therefore, this is the main study carried out in the following subsections.
IX.1. The first eigenvectors

Employing the first eigenvectors defined by expressions (1.66) and (1.67) in the
first chapter and expressions (III.7) and (II1.8) from the third chapter for the upper
and lower surfaces of the plate, it is possible to find that six equations from (IX.6) to
(IX.6) are respectively transformed into equations from (VI.11) to (VI.16) written in
the first subsection of the sixth chapter. In view of that, two dispersion relations are
defined by equations (VI1.21) and (VI1.26). They determine the velocities V14 and
Viewts of the fourteenth and fifteenth new SH-waves propagating in the

piezoelectromagnetic plate when V,;, < V.
IX.2. The second eigenvectors

Exploiting the second eigenvectors defined by expressions (1.69) and (I.70) and
equalities (111.23) and (I11.24), these six homogeneous equations written above can be
transformed into some appropriate forms. For the upper surface at x; = + d, equations

from (IX.1) to (IX.3) can be transformed into the following forms:

2
(eu-o? >{Fm sinh(kd )+ F,, cosh(kd )+ b ! ;’f'ﬂ [F,, sinh(bkd )+ F, cosh(bkd)]} =0 (IX.7)
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2 2
K n[F,, cosh(bkd )+ F,, sinh(bkd)]=0 (IX.8)

em

&u(F,, cosh(kd )+ F,, sinh(kd )+ gu Ko

2 _ g2
— o*[F,, cosh(kd )+ F, sinh(kd )] - o M [F,, cosh(bkd)+ F,, sinh(bkd)]=0 (1X.9)
For the lower surface at x; = — d, equations from (IX.4) to (IX.6) read as

follows:

2
(eu-o? ){Fm sinh(kd)— F,, cosh(kd )+ b I* If [F,, sinh(bkd )— F,, cosh(bkd)]} =0 (IX.10)

em

2 g2
e1(F,, cosh(kd )— F,, sinh(kd )+ gyKe'"isz [F,, cosh(bkd)— F,, sinh(bkd)]=0 (IX.11)

em

2 g2
—o*[F,, cosh(kd) - F,, sinh(kd )] - o M[Fm cosh(bkd)— F,, sinh(bkd)]=0 (IX.12)

em

It is lucid that the set of equations from (IX.7) to (IX.12) look like the other set
of equations from (VIL.7) to (VIL.12) obtained in the first subsection of Chapter VII.
However, one very important difference occurs such that X’ is used in equations
(IX.8) and (IX.11) instead of K’ utilized in equations (VIL.9) and (VIIL.12).
Therefore, this significant difference results in two new dispersion relations which
must look like dispersion relations (VII.17) and (VII.18) with K’ instead of K. So,

the velocities V06 and V.7 of the twenty sixth and twenty seventh new SH-waves
propagating in the piezoelectromagnetic plate in the case of V,, < V., can be

calculated with the following formulae:

Viewas new26 ,U(Kfm -K? ) (K2 _ Ki) ~
- ( Ve J tanh[kdm} (eu—e )(1+ K2) tanh(kd)=0 (1X.13)

2
1- [VW”J tanh(kd ) - aulKs, ~Ki)-a (KZ) Kz)tanh{kd 1- [V”] ]:0 (IX.14)

Ven (8/4 o N1+K:
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It is transparently seen in formulae (IX.13) and (IX.14) that for kd — oo, both
Vyewzs and V.07 approach the corresponding SH-SAW velocity discovered in book
[101], see formulae from (133) to (140) in the book. It is also evident that for V,, >

V.em the above written dispersion relations are transformed into the following forms:

» Ve (u-a* f1+&2,

2 2
tan[kd\/[V”e“’“J —1]\/(%%] —1+g/”‘<Kfm'K'i)'“Z(Kfm)'Ké)tanh(kd)z0 (IX.15)

tanh(kd). | Lzex2z 2—1—‘8ﬂ(1<5m_Kf')_o’z([(fz"'_Ki)tan k|| Voo 2—1 =0 (IX.16)
(- N1+ K2)) - '

tem em tem

IX.3. The first and second eigenvectors

For this case, equations from (VI.11) to (VI.13) can be used for the upper
surface at x3 = + d. These equations can be written in some suitable forms. For the
lower surface at x3 = — d, equations from (IX.10) to (IX.12) must be also used in the
corresponding suitable forms. These six homogeneous equations can be transformed
by the same way carried out in the third subsection of Chapter VII. So, the resulting
dispersion relation will be similar to that given in equation (VIL.27) with the

following differences: X! — K2, K. — K., and eu — &u,. Therefore, the

m?d

dispersion relation for the calculation of the velocity V,...s of the twenty eighth new

SH-wave propagating in the plate when V,,, <V, is defined by

& — o tanh(kd ) 1+K,, m

2 2 g2 2 2
{(‘9" @)+, tanh(kd)(eyb—az K=Ky tanh(bkd))—g,uo 71{1 K tanh(bkd)}

1
>< B —,
{s,u tanh(kd ) — o

K?> -K?) K?-K?
gubtanh(bkd )— o —em e | —em__m
[ﬂb (bkd) 1+K2, ] 1+K2, }

(IX.17)

11— o* tanh(kd ) 2 2

2 2 2 2
N { _tanh(kd) [gﬂb_azKl“”’_KZK“tanh(bkd))—wtanh(bkd)}
+

o { (61— o Jtanh(kd )+ e,

K. —Ks K2, - K’
€#tanh(kd)_a2 [s,ubtanh(bkd)_az em aj_ Ko e}

1+K2, 1+K

em
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Chapter X

Electrically Open Surfaces and Continuity of y and B;

In this chapter, the following mechanical, electrical, and magnetic boundary
conditions are exploited for both the upper and lower surface surfaces of the
piezoelectromagnetic plate:

1) mechanically free surface (o3, = 0);

2) electrically open surface (D; = 0);

3) continuity of both the magnetic potential y and the normal component B; of the
magnetic induction at the surfaces, ie. ¥ = l/ and B; = B, where the
superscript “f” relates to the free space.

As a consequence, three homogeneous equations corresponding to the
mechanical, electrical, and magnetic boundary conditions for the upper surface at x; =

+ d read:

(eg*® + hy*V |, sinh(kd)+ F,, cosh(kd )]

(X.1)
+b(CU +e¢"® + hy"® F,, sinh(bkd )+ F,, cosh(bkd)]= 0

(0" + o [ F,, sinh(kd )+ F,, cosh(kd )]
—b(eU"® - £9"® — ay*® [ F,, sinh(bkd )+ F,, cosh(bkd )| =0

(X.2)

(20" + 1y Y, sinh(kd)+ F,, cosh(kd )}
—b(hU" - 2" — j1y*® {F, sinh(bkd ) + F,,, cosh(bkd )} (X.3)
+ 14, {F, "V cosh(kd)+ oy sinh(kd }+ F,p"® cosh(bkd)+ Fyy*® sinh(bkd)}=0

For the lower surface at x3 = — d, corresponding three homogeneous equations

read as follows:

(" + hy V| F,, sinh(kd)— F,, cosh(kd)]

X.4
N b(CUo(S) +e@" +h l//O(S))[Fos sinh(bkd )~ F, cosh(bkd )]|=0 (%4
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(0" + o \F,, sinh(kd) - F,, cosh(kd )]

_ X.5
—b(eU"® - £9"® — oy | F,, sinh(bkd) - F,, cosh(bkd )| =0 (X.5)

(20" + uy"® Y, sinh(kd)— F,, cosh(kd )}
—b(hU - ap*® — y1yy*® Y F,, sinh(bkd ) — F,, cosh(bkd )} (X.6)
+ 1, 1F, p° cosh(kd ) — F,y"® sinh(kd 1+ Fyp*® cosh(bkd)— Fyy*® sinh(bkd )}=0

So, this set of six homogeneous equations must be properly transformed into
suitable forms to get dispersion relations with which it is possible to calculate the
dispersive wave phase velocity. This is the main purpose of the following

subsections.
X.1. The first eigenvectors

The first eigenvectors are defined by expressions (1.66) and (1.67) in the first
chapter. Using them, expressions (I11.7) and (II1.8) were obtained in the third chapter
and they lead to the situation when equations (X.2) and (X.5) can be excluded from
the further consideration in this subsection. For the upper surface of the plate, it is

possible to find that equations (X.1) and (X.3) can be written as follows:

2
F sinh(kd )+ Fy, cosh(kd)+ b Ken [ sinh(bkd )+ F, cosh(bkd )| =0 (X.7)

(e — o YF,, sinh(kd)+ F,,, cosh(kd )} + £, {F;,, cosh(kd ) + F,, sinh(kd )}

2 _ g2 X.8
+£,uo%[Fo3 cosh(bkd )+ F,, sinh(bkd)] =0 (X8)

em

For the lower surface at x; = — d (see figure 1 in Introduction) the corresponding

three homogeneous equations can be written in the following simplified forms:

2
F,, sinh(kd ) F,, cosh(kd)+b I+ K, [F,, sinh(bkd ) - F,, cosh(bkd)]=0 (X.9)

2
em
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(e — & {F,, sinh(kd) — F,, cosh(kd )}+ £, {F,, cosh(kd ) — F,, sinh(kd )}

2 _ g2 X.10
+Sﬂ0K"'"72Ke[FO3 cosh(bkd )— F,, sinh(bkd )] =0 (X-10)

em

It is natural that these four linear homogeneous equations in four unknowns Fj,,
Fy,, Fos, and Fy4 can be transformed into two independent sets, of which the first set
represents two equations in two unknowns Fy; and Fy;. The second set represents two

equations in two unknowns F, and Fy,. These four equations then read:

2
I K sinh(bkd)=0 (X.11)

em

F, sinh(kd )+b

2 g2
Fy llewt— o2 Jsinh(kd )+ e, cosh(ka)}+ e, o= Ke £ cosh(bhd) =0 (X.12)

em

2
I Kaw . cosh(bhd) =0 (X.13)

em

F,, cosh(kd)+b

2 g2
Fy, {lept— o2 Jeosh(kd) + eu, sinh(kd)}+ e, e~ Re £ sinh(pha) =0 (X.14)

em

Therefore, it is possible to obtain two dispersion relations. The velocities V9
and V30 of the twenty ninth and thirtieth new SH-waves propagating in the
piezoelectromagnetic plate in the case of V,;, < V., can be respectively calculated

with the following formulae:

2 2 2 2
1_(Kleuf29j tanh| kd 1_[I/szoJ _( gﬂotanh(kd) K., — K. =0 (X.IS)

v Vo) | T o hanhthd) ey 152
2 2 5 2
1— Viewso | _ . L2 K. fe tanh| kd.1— Vsenso =0 (X.16)
Ve ) (eu—0?)+su, tanh(kd) 1+ K, Vien

It is also possible to analyze dispersion relations (X.15) and (X.16). It is clearly

seen in the dispersion relations that for kd — oo, both the velocities Vewa9 and V30
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approach the corresponding SH-SAW velocity recently discovered in book [101], see
formulae from (180) to (184) in the book.
For the case of V,, > V., dispersion relations (X.15) and (X.16) can be also

rewritten as follows:

em

2 2 2 2
tan kd @ _ l anewZ‘J _1 + g/lj() tanh(kd) Kem fﬂ — 0 (X' 1 7)
Ve Ve (e — o Jtanh(kd )+ g, 1+ K,

tem tem

VnewSO ’ —1- EHy Kezm _Kez tan| kd Vnewm ’ ~1l=0 (X 18)
v, (e1— o)+ eu, tanh(kd) 1+ K2, v, ’

X.2. The second eigenvectors

The second eigenvectors are defined by expressions (1.69) and (1.70). Thus,
equalities (I11.23) and (II1.24) obtained in Chapter III must be used here. For the
upper surface at x; = + d and the lower surface at x; = — d, six linear homogeneous
equations from (X.1) to (X.6) can be transformed into the forms given by equations
from (VIIL.7) to (VIII.12) which are identical to equations from (IV.29) to (IV.34)
obtained in Chapter IV. Therefore, they obviously result in two dispersion relations
given by formulae (IV.40) and (IV.42) for the computation of the velocities V., and
V,ew7 of the sixth and seventh new SH-waves propagating in the piezoelectromagnetic

plate.
X.3. The first and second eigenvectors

For the upper surface (x; = + d) of the plate, it is natural to use equations (X.7)
and (X.8) written in the first subsection of this chapter. For the lower surface (x; = —
d) the corresponding three homogeneous equations are equations from (VIII.10) to
(VII.12) given in Chapter VIII. Therefore, it is possible to state that in this

subsection two new dispersion relations can be also obtained. This is similar to the
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results obtained in Chapter VIII. It is natural to use equation (VIII.27) with the

following substitutions: K> — K? and gu — &u,. Thus, the first dispersion relation

m

for the case of V,, < V,,, to calculate the velocity V.3 of the thirty first new SH-

wave propagating in the piezoelectromagnetic plate can be composed as follows:

2 2 2 2
1- Viewst | &My . K. §(L tanhl kd 11— Vienai
V. eu—o 1+K

tem em tem

2 2
X 1_ Vnew}l tanh kd 1 new}l a Kem f
Vien Viem eu 1+ K,

2 2
+ 1= Vnewsl tanhl kd.[1— Vnew31 _ EHy Kt'zm_Kez
gu—-o’ 1+K’

em

(X.18)

tem

2 2 5 2
1— Vnew}l a Kem fa tanh kd 1— Vmw}l =0
v, &u 1+K;,

tem tem

The second possible dispersion relation can be obtained by the same way used in
the third subsection in Chapter VIII. It is also possible to use equation (VIII.34) with
the following substitutions: X2 — K and g,u — &y, . Finally, the second dispersion
relation to calculate the velocity V,.,3, of the thirty second new SH-wave propagating

in the piezoelectromagnetic plate can be written for the case of V,, <V, as follows:

e < tanh(bkd )—b
{g,u o )sinh(2kd )+ £u, + 2&p4, sinh* (kd) 1+ K2, anh(bkd)

£, sinh(2kd ) K2 —-K? }

{smh (2kd e,ubtanh(bkd) 2K1+;Ka)+a btanh(bkd)}
h(2kd ) K2, K’ X.19)
&4 sin o~ 2e _ ptanh(pkd)
(10— 0 )sinh (2kd )+ eu4, + 2eu, sinh>(kd) 1+ K>,

, K2 -K? s
x4 sinh( de e,ub a 1‘”’7Kz"tanh(bkd) -a’by=0
+

em
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Chapter XI

Conclusive Discussion

This theoretical work has demonstrated that investigations of the transversely
isotropic piezoelectromagnetic plate of class 6 mm concerning the shear-horizontal
(SH) acoustic wave propagation can reveal existence of as many as thirty two new
SH-waves. Dispersion relations for determination of the phase velocities of new SH-
waves in the plate can be obtained in relatively simple explicit forms. The obtained
results correspond to different sets of the electrical and magnetic boundary conditions
when the mechanical boundary condition such as the mechanically free surface (o3, =
0) is set the same throughout the investigations carried out in this work. It is worth
noting that homogeneous boundary conditions were used for the upper and lower
surfaces of the plate when the same set of the boundary conditions is applied to either
surface. However, the utilization of different sets of the eigenvectors resulted in three
different cases occurred for each set of the mechanical, electrical, and magnetic
boundary conditions. Possible electrical boundary conditions exploited in this work
include the electrically closed surface (¢ = 0), electrically open surface (D; = 0), and
the continuity of both ¢ and Dj; at the surfaces, i.e. ¢ = q/ and D; = Df, where Dj is the
normal component of the electrical induction. Also, the superscript “f” relates to the
free space (vacuum). Also, the used magnetic boundary conditions are the
magnetically closed surface (B; = 0), magnetically open surface (v = 0), and the
continuity of both y and Bj at the surfaces, i.e. w = ¢/ and By = B

This work also demonstrates that for all the treated suitable cases, the obtained
new dispersion relations for calculation of the velocities of the new dispersive SH-
waves propagating in the plates can have fundamental modes. These fundamental
mode velocities are situated below the SH-BAW speed denoted by Vi, It is
mentioned that the propagation of this SH-BAW is coupled with both the electrical
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and magnetic potentials. It is also necessary to state that the velocities of the
fundamental mode dispersive waves can approach the corresponding SH-SAW
velocities as soon as the dimensionless parameter kd reaches very large values,
namely kd — oo where k and d are the wavenumber in the propagation direction and
the plate half-thickness, respectively, see figure 1 in Introduction. It is natural that it
was found that the velocities of the new dispersive SH-waves can approach to ten
known SH-SAWs recently discovered by Melkumyan [107] and by the author of the
book cited in Ref. [101]. Three SH-SAWSs discovered by Melkumyan in his
theoretical work [107] are apt for this theoretical work. They are called the surface
Bleustein-Gulyaev-Melkumyan wave characterized by the velocity Vi, the
piezomagnetic exchange surface Melkumyan wave or PMESM wave (Vpygsy), and
the piezoelectric exchange surface Melkumyan wave or PEESM wave (Vpggsy). The
last two Melkumyan waves were also studied in paper [105].

To study the transversely isotropic piezoelectromagnetics concerning the SH-
wave propagation is problematic because many suitable solutions can be found due to
the existence of two different sets of the eigenvectors. Two different sets of the
eigenvectors also exist for piezoelectromagnetics possessing the cubic symmetry.
This fact was demonstrated in book [100]. However, the existence of two different
eigenvectors for the cubic piezoelectromagnetics does not lead to two different
solutions. In fact, two different eigenvectors give the same SH-SAW velocity for the
cubic piezoelectromagnetics. Therefore, it is thought that it can be more preferable
for experimentalists to cope with the cubic piezoelectromagnetics. However, explicit
forms of the SH-SAW velocities of non-dispersive SH-waves propagating in the
cubic piezoelectromagnetics cannot be obtained and it is necessary to perform
numerical calculations with the corresponding formulae [100] which can be quite
complicated. It is thought that it is also useful to carry out theoretical investigations
of problems of dispersive SH-wave propagation in the cubic piezoelectromagnetic
plates because the cubic piezoelectromagnetics can also possess a strong

magnetoelectric effect.
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It is transparent that the obtained results in this work can be useful for further
theoretical and experimental investigations of the SH-wave propagation in the
piezoelectromagnetic (composite) plates consisting of dissimilar materials. It is
thought that the simplest example of such laminated plate is a bi-layered plate
consisting of two dissimilar piezoelectromagnetic thin films possessing the common
interface. Indeed, the results can be also suitable for some particular cases when a
single-phase material such as a piezoelectrics or piezomagnetics is used instead of
one of two-phase materials such as piezoelectromagnetics. It is obvious that such
problems of SH-wave propagation in the plates can be analytically resolved even in
the case of the two-layer plate consisting of two dissimilar piezoelectromagnetics.
Today there are attempts to numerically resolve similar problems. For instance, paper
[111] numerically studies static and dynamic problems of two-layer
magnetoelectroelastic composites with specific properties, where one layer is a pure
piezoelectrics and the second layer is a pure piezomagnetics. The authors of paper
[111] have used a meshless method based on the local Petrov-Galerkin approach. It is
obvious that an analytical study is more preferable in comparison with a numerical
investigation. Indeed, an analytical study can lead to illumination of common features
for all suitable bi-layer plates, while a numerical treatment can give only results
concerning an individual bi-layer plate. It is obvious that when a system has a lot of
parameters similar to piezoelectromagnetic bi-layer plates, it is hard to numerically
reveal common features. For this purpose, it is necessary to calculate a lot of such
materials. Therefore, it is necessary to continue analytical investigations of such
relatively simple systems such as the homogeneous plates and bi-layer plates. This
can be also useful for more complicated problems that can be resolved only

numerically.
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